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Abstract

As an alternative to model selection (MS), this paper considers model averaging
(MA) for integrated autoregressive processes of infinite order. We derive a uniformly
asymptotic expression for the mean squared prediction error (MSPE) of the averag-
ing prediction with fixed weights and then propose a Mallows-type criterion to se-
lect the data-driven weights that minimize the MSPE asymptotically. We show that
the proposed MA estimator and its variants, Shibata and Akaike MA estimators, are
asymptotically optimal in the sense of achieving the lowest possible MSPE. We fur-
ther demonstrate that MA can provide significant MSPE reduction over MS when the
model misspecification bias is algebraic decay. These theoretical findings are supported

by Monte Carlo simulations and real data analysis.
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1 Introduction

Model selection (MS) has a long history in time series analysis. For an autoregressive process
of infinite order (AR(oc0)), estimation and inference are based on an approximation autore-
gressive model of order k. In the literature, several methods have been proposed to select
the order k to achieve the best prediction, for example, the final prediction error (Akaike,
1970), Mallows’ C,, (Mallows, 1973), Akaike information criterion (Akaike, 1974), and Shi-
bata information criterion (Shibata, 1980). However, for a small perturbation of data, the
MS method may choose a different model and result in diverse estimates and predictions. In
addition, the selected model might lose some useful information contained in other models,
and hence neglect the uncertainty across different models.

As an alternative to MS, model averaging (MA) is a smoothed extension of MS. In-
stead of choosing a single model, MA incorporates all available information by effectively
averaging over all candidate models. The two main MA approaches are Bayesian model
averaging and frequentist model averaging; see Claeskens et al. (2008), Moral-Benito (2015),
and Steel (2020) for literature reviews of both approaches. In the past two decades, there is
a rapidly growing development of frequentist MA methods. The central questions of concern
in frequentist MA methods are how to assign the weights for candidate models, what are
the theoretical properties of the selected weights, and does MA provide a significant im-
provement over MS? This paper studies the MA approaches and deals with these issues in a
general autoregressive model.

In this paper, we consider the MA prediction for integrated autoregressive processes of in-
finite order. Our model framework is general enough to include the standard ARIMA(p, d, q)
process as a special case, and can be applied to many stationary and nonstationary time
series analysis. The main goal of this paper is to construct a one-step-ahead prediction
based on a sequence of finite-order approximation AR(k) models for 1 < k < K,,, where the
maximum order K, can go to infinity with the sample size n. Since the true data generating
process is a dth-order integrated AR(c0), all candidate models are misspecified. Instead of
the MS approach studied in Ing et al. (2010, 2012), we adopt an MA approach to construct
an averaging prediction and study its asymptotic and finite-sample properties.

We first derive a uniformly asymptotic expression for the mean squared prediction error
(MSPE) of the averaging prediction with fixed weights and demonstrate the bias-variance
trade-off for the MA approach. We show that the MSPE of the averaging prediction can
be decomposed into three components: the nonstationary estimation effect term, model
complexity term, and model misspecification term. This result is not a trivial extension of Ing
et al. (2010), because we need to take the interaction effect between any two candidate models
into account when we characterize the model complexity and model misspecification of the

MA approach. Based on the MSPE decomposition, we propose a Mallows-type criterion



to select the data-driven weights for nonstationary autoregressions of infinite order. The
novel feature of the proposed method is that we introduce a penalty term to account for the
model complexity and model misspecification simultaneously using both the minimum and
maximum of the autoregressive orders between any two candidate models.

We provide two theoretical justifications for the proposed MA estimator: asymptotic
optimality and asymptotic improvability. For asymptotic optimality, we first show that the
proposed averaging prediction asymptotically assigns zero weight to the candidate model
with the autoregressive order £ less than the integration order d. We then show that without
knowing the integration order, the proposed averaging prediction is asymptotically optimal
in the sense of achieving the lowest possible MSPE in the class of MA estimators. This
optimal result extends the asymptotic optimality of Ing et al. (2012) from MS to MA. In
addition to the proposed Mallows-type criterion, we also extend Akaike (1974)’s and Shibata
(1980)’s MS methods to the MA prediction and demonstrate the asymptotic optimality of
these two related MA methods.

In the existing frequentist MA studies, a great amount of numerical evidence has shown
that MA tends to perform better than MS in finite samples. However, little work has been
done on examining the potential MSPE reduction of MA compared to MS. Recently, Peng
and Yang (2022) and Xu and Zhang (2022) demonstrate that MA can provide significant
squared prediction risk reduction over MS in nested linear models with orthonormal basis
functions and linear nested regression models, respectively. In this paper, we relax the non-
stochastic regression design of these two papers and establish the asymptotic improvability
for a general autoregressive model. We first show that if there exists a candidate model whose
misspecification bias is different from that of other models, then we can find at least one
weight vector such that the MA has smaller MSPE than MS. We further show that when the
model misspecification bias is algebraic decay, the MA methods can achieve significant MSPE
reduction over the MS counterparts, but the magnitude of improvement is asymptotically
negligible in the exponential-decay case. We demonstrate that asymptotic improvability
holds for both fixed weights and data-driven weights.

In simulations, we examine the finite sample performance of the Mallows MA estimator
and its variants, Shibata and Akaike MA estimators, in both algebraic-decay and exponential-
decay cases. Monte Carlo simulations show that these MA methods perform quite well and
produce similar empirical MSPEs. Compared with MS methods, the MA methods generally
achieve lower empirical MSPEs in both cases. As the sample size increases, we can observe
significant MSPEs improvement from MS to MA in the algebraic-decay case, but not in the
exponential-decay case. Therefore, the simulation results are consistent with our theoretical
findings. As an empirical illustration, we apply the proposed MA methods to the climate

change prediction. Our empirical results show that the MA methods have lower empirical



MSPEs than the MS methods, but the improvement diminishes as the rolling window size
increases. These findings are quite similar to those of the exponential-decay case in our
simulation study.

For the frequentist MA approaches, numerous methods of weight selection have been
proposed based on distinct criteria, for example, information criterion weighting (Buckland
et al., 1997; Hjort and Claeskens, 2003), adaptive regression by mixing models (Yang, 2000,
2001; Yuan and Yang, 2005), Mallows model averaging (Hansen, 2007; Wan et al., 2010; Liu
and Okui, 2013), jackknife model averaging (Hansen and Racine, 2012; Lu and Su, 2015;
Ando and Li, 2014, 2017), plug-in averaging (Liu, 2015; Charkhi et al., 2016; Cheng et al.,
2019), and others. In the time series context, the MS methods with asymptotic optimality
have been studied in Shibata (1980), Ing and Wei (2003, 2005), Ing (2007, 2020), Ing et al.
(2010, 2012), and Greenaway-McGrevy (2015, 2019). For the MA methods, asymptotic opti-
mality has been investigated for the linear regression model with lagged dependent variables
(Zhang et al., 2013), the regression model with time series errors (Cheng et al., 2015), the
factor-augmented regression model (Cheng and Hansen, 2015), the longitudinal data model
(Gao et al., 2016), the vector autoregressive (VAR) model (Liao et al., 2019; Liao and Tsay,
2020), the stationary AR(oco) process (Liao et al., 2021), the time-varying parameter regres-
sion models (Sun et al., 2021), and panel data VAR model (Greenaway-McGrevy, 2022).
Most of these studies, however, are limited to the stationary or local stationary time series,
which might not be applicable for data with non-stationary patterns in economics, finance,
or climate change. Furthermore, there is no asymptotic comparison available between MS
and MA in these studies.

The rest of this paper is organized as follows. Section 2 presents the model framework
and the MA prediction. Section 3 introduces the Mallows model averaging criterion. Section
4 presents the uniformly asymptotic expression for the MSPE, asymptotic optimality, and
asymptotic improvability. Section 5 discusses the related MA methods. Section 6 examines
the finite sample properties of the proposed method. Section 7 provides the empirical study,
and Section 8 concludes the paper. Proofs are included in the Appendix. Throughout this
paper, we employ the following symbols. We use C' to denote some positive constant that is
independent of the sample size n, and C may represent different values in different equations.
Let = and =% represent convergence in probability and almost surely, respectively. Let
|v||2 be the Euclidean norm for vector v and [|A]|* = Apax(A’A) be the maximum eigenvalue
of matrix A’A.



2 Model Framework

In this paper, we follow the model setup of Ing et al. (2010, 2012) and assume that the

observations {yi, ..., y, } are generated from a dth-order integrated AR(co) process as below:
(14> a;l7)(1 = L)'y = e, (2.1)
j=1

where L is the backshift operator, 0 < d < oo is an unknown integer, and {¢;,t =
0,+1,42,...} are independent random variables with mean zero and variance o?. Note
that ¢, does not necessarily come from the same distribution. This dth-order integrated
AR(o0) process (2.1) includes the standard ARIMA(p, d, q) process as a special case and is
general enough to be applied to many stationary and nonstationary time series analysis.
We further assume that A(z) =1+ Z]oil a;z7 is the stationary component of the process
satisfying N
A(z) #0 for all |z| <1 and Z l7a;| < oo. (2.2)
j=1
By Theorem 3.8.4 of Brillinger (2001), the stationary component (2.2) yields

AN 2)=B(z) =1+ ijzj #0 forall |2/ <1 and Z |7b,| < 0. (2.3)
j=1 j=1
Here, we follow Ing et al. (2010, 2012) and impose the initial condition y; = 0 for ¢ < 0.
Our goal is to construct a one-step-ahead prediction of y,.; given the observed data
{y1, ..., yn}. We consider a sequence of finite-order approximation models AR(1),..., AR(K,),
where the maximum order K, can go to infinity with the sample size n. Because the true data

generating process is AR(00), each AR(k) model is misspecified and just an approximation
model. For each AR(k) model, 1 < k < K,,, the least squares estimator is defined as:

_a(k) = LZ yj<k>y;<k>] S v, Wy, (2.4)

=K, =K,

n—1

where —a(k) and y;(k) = (y;, ..., yj—x+1)" are both k x 1 vectors, and 7~ yj(k:)y;.(k’) is a
k x k matrix. Note that the asymptotic properties of least squares estimators of integrated
autoregressive processes with a finite integration order have been well studied; see Kawashima
(1980), Tiao and Tsay (1983), and Chan and Wei (1988). We assume that for all 1 < k < K,
the inverse of Z;L;;n yj(k:)y;-(k:) exists. Thus, for each AR(k) model, the one-step-ahead

prediction of y,, 41 is

Jn+1(k) = =y, (k)a(k). (2.5)



We now consider the one-step-ahead averaging prediction. Let wj be the weight cor-
responding to the AR(k) model and w = (wq,...,wg, )" be a weight vector with w; > 0
and Y0 w, = 1. That is, the weight vector w belongs to the set H,, = {w € [0,1]%" :
Zfz"l wg = 1}. Combining all possible predicted values of 4,1 (k), we construct an averaging

prediction as

G (%) = 3w (). (26)

3 Mallows Model Averaging Criterion

In this section, we propose a Mallows-type criterion to select the model weights for the

averaging prediction for possibly nonstationary autoregressions. Define

1 2 ... 2 2 2 ... K,
Hmin(Kn) = A ) and HmaX(Kn) = . . . . ) (3~1)
1 2 ... K, K, K, ... K,

where the (7, j)th element of II,,;,(K,,) and 1. (K,) are min(é,j) and max(i,j) for 1 <
1, 7 < K, respectively.
The proposed averaging criterion is defined as:

Cp(w) = N62 4 (W [Tnin (K,) + Minax (K ]w — NG, (3.2)
where N = n — K,,, 62 = N~! Z;;l(n (Yer1 — Jes1(w))?, and 52 is some consistent estima-
tor of 0% that does not depend on w. For example, 5% can be constructed by 6%(K,) =
Nt Z?:_;(n (yer1 — es1(K,))% The data-driven weights based on the proposed averaging
criterion are defined as

WMIV[A - aI'g Vgreli}?n Cn(W), (3.3)

and the proposed one-step-ahead averaging prediction for ¥, is

Ky
gn+1 (WMMA> = Z@AUMMA,k@n#l(k)‘ (34)
k=1

Observe that the proposed Mallows-type criterion C,(w) is a quadratic function of the
weight vector. Therefore, the data-driven weights can be computed numerically via quadratic
programming, and numerical algorithms of quadratic programming are available for most

programming languages.



Note that w'Il,i,(K,)w and W'l (K, )w are derived from the MSPE of the averaging
prediction, and these two terms characterize the model complexity and model misspecifica-
tion, respectively; see the discussion after Theorem 1. Furthermore, since Zsznl wg =1, we
have

Ky
W oin(B) 4 Mo (KW = > waws (i 4+ ) =2 ) wieke.
1<i,j<Kn =1
Therefore, minimizing the proposed criterion (3.2) is equivalent to minimizing

Kn
Co(w) = No3, + 267 ) " wyik,

k=1

which corresponds to the MMA criterion proposed by Hansen (2007).

4 Assumptions and Main Results

In this section, we present the asymptotic properties of the proposed averaging prediction.
We first present the technical assumptions and provide the asymptotic expression for the
MSPE of the averaging prediction. We then demonstrate the asymptotic optimality and

asymptotic improvability of the proposed averaging prediction.

4.1 Assumptions

We state the assumptions required for main results.
Assumption 1. d is a fized nonnegative integer and bounded by some d < co.

Assumption 2. Let F} 4, () be the distribution function of the linear combination of inno-
vations: v, €, where €, = (€1, ..., €—my1)’ and vy, = (v1,...,0,) € R™ with Z;n:l vjz- =1.
For allm > 1, m <t < oo, there exist some real positive numbers «, &, and C such that
Fy inow, (+) satisfies the local Hélder condition of order o |Fy v, (€)= Fymowo, (y)| < Clz—y|®,

as |x —y| < 0.

Assumption 3. sup, ., Ele|? < 00, ¢ =1,2,....

Assumption 4. KU1 — o),

Assumption 1 implies that g, is generated from an integrated autoregressive process with
a finite integration order d for 0 < d < d. Assumption 2 is the nonsingularity condition of

Ing et al. (2010, 2012). It is used to establish the negative moment bounds of the minimum



eigenvalue of the Fisher information matrix. This condition holds for most continuous-
type distributions, for example, the normal distribution; see Ing and Sin (2006) for more
discussion.

Assumption 3 is the moment condition of ¢ and is identical to Condition (19) of Ing
et al. (2010). Assumption 4 puts a bound on the number of models relative to the sample
size. It also reflects the fact that the correlation among the time series y; is higher when the
integration order d is larger, and hence it may result in a smaller minimum eigenvalue of the
information matrix defined in (2.4). Thus, the integration order d also limits the maximal
order K,, used in MA.

Note that there is a trade-off between the moment condition on ¢; in Assumption 3 and
divergence rate of K, in Assumption 4. If we have a weaker moment condition in Assumption
3, then we will have a more restrictive condition on K, in Assumption 4. For d > 1, our
Assumption 4 is the same as the maximal order condition of Ing et al. (2010, 2012). For
d = 0, we have K? = o(n) in Assumption 4, while the maximal order condition in the MS
case is K2t = o(n) for some § > 0. Thus, our condition is slightly more restrictive than that
of the MS case. This is a small price paid for the MA approach, because the MA approach
selects the model weights from an uncountable set, while the MS approach compares the

candidate models in a countable set.

4.2 MSPE

We first introduce some notation that we will use to characterize the asymptotic expression
for the MSPE of the averaging prediction. Let z; = (1 — L)%y, be the dth differenced
term. Then, z = Zz;l bjer—j. Define zi oo = Y oogbi€r—i, (V) = (24, oo Zt—v1), Zroo(V) =
(2,005 -+ Zt—vi1,00) , and a(v) = (a1(v), .., a,(v)) = argminge g E(2100 + 2y_1 0 (v)€)?. In the
rest of the paper, we sometime use a(v) to denote an infinite dimensional vector with the
ith element equal to a;(v),i = 1,2, ..., where a;(v) = 0if i > v > 0 or v < 0. Define ||d||? =
Zlgi,jgoo d;dixi—j, where x;—; = E(2; %)), and d = (dy,ds, ...)" is an infinite dimensional
vector which belongs to [?(Z7), that is, >, ;4 d7 < 00. Since Zy oo + 2 ooq GiZt—ioo = €1, W
have, for all v > 0,

la—a(v)|? = E[Z(ai — ai(0))21i00)” = E[2000 + Z (V)21 i00]” — 07

We next assume that the integration order d is known and present the asymptotic ex-
pression for the MSPE of the averaging prediction. The asymptotic optimality of the pro-
posed averaging prediction with data-driven weights will be established for the unknown
d in the next section. Define the MSPE of the averaging prediction as MSPE(w) =



E(Yni1 — Uni1(w))? — 0. For a given value of the integration order d, we consider a se-

quence of finite-order approximation models starting from AR(max(1,d)) to AR(K,,). For
d > 1, the most parsimonious candidate model is AR(d), which implies that we assign zero
weight to the candidate model AR(k) for 1 < k < d. Therefore, we consider the weight
vector with wy > 0, ZkK:”l wr = 1, and w,, = 0 for 1 < k < d. That is, the weight vector w
belongs to the set He := {w € [0,1]%" : Y, " wp = Lw, =0 for 1 <k < d}, and He is a
subset of H,,.

Theorem 1. Suppose that Assumptions 1-4 hold, then we have

E(yn—i-l - ?)n-i—l(w))Z - 0_2

li —1|=0 4.1
o [P 7 (D
where
d?+d w I (K,)w—d
Li(w) = 2Ty W eiel R0 =y e, (12)
N N
with
N N ’ :
and

la— a(w,d)| = E

Zn: W, <Z(ai —a;(v— d))zti,oo>]

i=1

= Y waylla— amax(i,j) - d)]% (44)

1<i,j<Kn

Theorem 1 presents a uniformly asymptotic expression for the MSPE of the averaging
prediction, and it shows that we can asymptotically decompose MSPE(w) into three terms.
The first term is N~'o?(d* + d), which measures the estimation effect of the nonstationary
component. The second term is N ~'o?(W'I1,i, (K, )W — d), which measures the model com-
plexity. As shown in (4.3), this term is penalized based on the smaller order between any
two models. The third term is |ja — a(w, d)||?, which measures the model misspecification.
Unlike the model complexity term, the model misspecification term shown in (4.4) is approx-
imated by the bigger order between any two models. Therefore, Theorem 1 demonstrates
the bias-variance trade-off for the MA approach.

Note that Theorem 1 extends the uniformly asymptotic expression for the MSPE of the
least squares predictor from MS to MA. Suppose that we set the weight vector w equal to
the unit weight vector w , where the kth element is one and others are zeros. Then, the

averaging estimator simplifies to a selection estimator, and ¢,41(wy ) is equivalent to the



one-step-ahead prediction of y,; based on the AR(k) model, that is, §,4+1(W1x) = Unt1(k).
For any wy ;, we can rewrite (4.3) and (4.4) as N~'o?(k—d) and ||a—a(k—d)|?, respectively.
Hence, L& (w) in Theorem 1 can be simplified as follows:

d2

Li(wie) = 0%+ 0P+ lla = alk — D) (4.

which corresponds to the uniformly asymptotic expression for the MSPE of ¢,,,1(k) in Theo-
rem 2 of Ing et al. (2010). Furthermore, when d = 0, the autoregressive process is stationary,
and (4.5) corresponds to Theorem 3 of Ing and Wei (2003).

We next compare the uniformly asymptotic expression between (4.2) and (4.5) to charac-
terize the potential MSPE improvement from MS to MA. Suppose that we have only two can-
didate models, AR(7) and AR(j), with ¢ < j. Then the AR(j) model has a larger model com-
plexity term, but a smaller model misspecification term, since ||a—a(j—d)||? < |[a—a(v—d)||?
for any v < j. Note that the model complexity term and model misspecification term of
the MS approach come from the same model, while these two terms of the MA approach
are calculated based on min(z, j) in (4.3) and ||a — a(max(i,j) — d)||? in (4.4), respectively.
Therefore, we can construct a convex combination between the model AR(7) and AR(j) such
that the MSPE of the MA approach is smaller than that of the MS approach.

Based on the results of Theorem 1, we can further provide the conditions under which

there exists at least one weight vector such that the MA approach achieves strictly lower
MSPE than the MS approach. Observe that

Ky
HZ:{WE[O,l]K":Zwkzl,wk:0f0r1§k<d}

k=1
Kn
= {w € [0, 1) mbF Ny, =13,
k=max(1,d)

For the MS case, the candidate models AR(max(1,d)),..., AR(K,) correspond one-to-one to
vertices of H%. Define V(HY) as the set of all the vertices in H% and let H\V(HY) be the
weight set He excluding the vertices V(HY).

Corollary 1. Suppose that Assumptions 1-4 hold. If there is a k € {max(1,d), ..., K,,} such
that

la— alk —d)|? #|la— a(l — d)|2, Vi€ {max(1,d),.... K.}, |#Fk, (4.6)

then there exists at least one weight vector w? in HI\V(H2) such that

inf  LY(w) < Li(w’) < min LE(w).
weHI\V(HS) weV(HE)



Corollary 1 shows that when the model misspecification bias of one particular model is
different from that of any other candidate models, there exists at least one weight vector
such that the MSPE of the associated MA estimator is strictly less than that of any MS
estimator. In this case, the optimal weight vector that minimizes L% (w) will assign non-zero
weights on at least two models, which implies that MA can further reduce the MSPE of MS.

We now present the uniformly asymptotic expression for the MSPE of the averaging
prediction with the optimal weights. Let w; = arg minyeyq L% (w) denote the weights that

minimize L% (w) over the set H%. Then, L%(w?) is the minimum MSPE of the MA estimator.

Corollary 2. Let A; = |la— a(j — d)||?. Suppose that Assumptions 1-4 hold, then we have

2,2 2 1.d K ClA L — A
Lﬁ(w;i)= UN +0 méﬁ( ) )_|_ Ag. + Z a];/( j—1 J)
j=max(1,d)+1 N + A= 4

Like Theorem 1, we can also decompose L%(w?*) into three components. Ideally, one
would aim to estimate the weights w* by minimizing L?(w) directly. Unfortunately, this is
infeasible because the minimization of L¢(w) depends on the unknown model misspecifica-
tion bias. Instead of minimizing the unknown L¢(w), we select the data-driven weights by
minimizing the proposed Mallows-type criterion and demonstrate that the empirical weights

asymptotically minimize the MSPE.

4.3 Asymptotic optimality

In practice, the integration order d is unknown. Therefore, we construct the averaging
prediction by combining all finite-order AR models starting from AR(1) to AR(K,,) for
any 0 < d < d. In this section, we first show that the proposed averaging prediction
asymptotically assigns zero weight to the model with the autoregressive order less than d.
We then show that the proposed averaging prediction is asymptotically optimal when the
integration order d is unknown.

For any data-driven MA criterion, MA,, (W), let Wy, := arg minyey, MA, (w) and w?,, =
arg minyeyqs MA, (W) be the weights obtained by minimizing the criterion MA,,(w) over the
weight set H,, and HY, respectively. A data-driven MA criterion is said to be asymptotically
optimal for a dth-order integrated AR(co) process with an unknown d if the data-driven
weights satisfy

[Waia — Wiiall2 == 0, (4.7)

and

O LAWED
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Condition (4.7) states that when d is unknown, the weights obtained by minimizing the
criterion MA,,(w) over the unrestrictive set H,, will converge almost surely to the weights
obtained by minimizing the same criterion MA,,(w) over the restrictive set H2. This con-
dition implies that the weight on the candidate model with the autoregressive order less
than d will converge almost surely to zero. Recall that LZ(w) is the uniformly asymptotic
expression for the MSPE of the averaging prediction derived in Theorem 1. Thus, Condition
(4.8) states that the data-driven weights achieve the lowest possible MSPE on the set H¢
asymptotically.

Let £ := L& (w}) = infyeya LE(W) denote the minimum MSPE in the class of averaging
estimators with weights belonging to the set H% derived in Corollary 2. We next state the

additional assumption for the asymptotic optimality.
Assumption 5. Ky?(N¢D)~1 — 0.

Assumption 5 puts a bound on the maximum order K, relative to the sample size N, and
it specifies that K grows at a rate slower than N¢?. As pointed out in Cheng et al. (2015)
and Liao et al. (2021), many MA approaches require a stronger assumption on K, and it
may result in inferior prediction due to the preclusion of the optimal model. Unlike the
conditions used in the existing studies, for example, Condition (11) of Ando and Li (2014),
Assumption 2(a) of Liao and Tsay (2020), Assumption 2 of Zhang (2021), and Condition
(4.3) of Liao et al. (2021), Assumption 5 is weaker and quite mild, and hence does not
preclude the optimal model.

Let Wyna i= arg minyey, C,(w) and w? = = arg Miny,eyd Cn(W) be the MMA weights
obtained by minimizing the criterion C,(w) over the weight set H,, and HZ, respectively.
The following theorem shows the asymptotic optimality of the proposed averaging criterion

when d is unknown.

Theorem 2. Suppose that Assumptions 1-5 hold, then we have

Ln(nin) »

||,&)MMA - ’lAUf/[MAHQ ﬂ) 0 and lim — 1.

oo L (wy)

Theorem 2 shows that the proposed MA prediction achieves the lowest possible MSPE.
This optimal result extends the asymptotic optimality of Ing et al. (2012) from MS to MA.
In addition, for the MA methods, the result extends the asymptotic optimality in Theorem
1 of Liao et al. (2021) from the stationary autoregressive process to a dth-order integrated

AR(o0) process with an unknown d.

4.4 Asymptotic improvability

In this section, we provide an asymptotic comparison for the MSPE between MA and MS.
Recall that §,4+1(W1 ) = Unt1(k), where wy j, is the unit weight vector that assigns the whole

11



weight on the kth element. Let wy , 1= arg minyecy(pd) L% (w) denote the optimal unit weight
vector that minimizes L%(w) over the set of all the vertices in H&. Thus, L&(wj ) is the
minimum MSPE of the MS estimator. Like wy, the optimal unit weight vector wj, also
depends on the sample size n. Here we suppress the sample size n from wj ; for notational
simplicity.
We follow Peng and Yang (2022) and examine the potential MSPE reduction of MA
compared to MS as follows:
A, = LA(wi ) — LA(wS). (4.8)

We then investigate the magnitude of A, relative to LfL(Wik) in the following two cases:

(i) Algebraic-decay case: ||a — a(v)]|?> = Cv™°,

(i) Exponential-decay case: ||a — a(v)||? = Cexp(—a(v)),

where « is a positive constant. Both the algebraic-decay and exponential-decay are frequently
used in time series analysis. The above two scenarios are simplified but have the same optimal
orders of the MS estimator as the examples 1 and 2 in Ing and Wei (2005). Following Peng
and Yang (2022), we use the symbols > and =, where a, > b, means b, = O(a,), and

a, =< b, means both a,, = b, and b,, = a,.
Theorem 3. Suppose that Assumptions 1-4 hold, then we have

(i) An =< Li(w} ) for the algebraic-decay case,
(i1) An = o(LE(w} ) for the exponential-decay case.

From Corollary 1, we show that if there exists a candidate model whose misspecification
bias is different from that of other models, then A, is greater than zero. Theorem 3 further
provides a measurement on the potential MSPE improvement from MS to MA. Under a dth-
order integrated AR(o0) model, if the model misspecification bias is algebraic decay as the
model dimension increases, the magnitude of potential MSPE reduction has the same order as
that of the minimum MSPE of MS. However, for the exponential-decay case, the magnitude
is asymptotically negligible. These results are consistent with the existing findings such as
Peng and Yang (2022) and Xu and Zhang (2022), in which they consider a non-stochastic
regression design. In contrast to their framework, our results are established for a general
autoregressive model with broader applicability.

We next compare the MSPE of data-driven MA and MS approaches. Similar to the
definition of w?, in the previous section, we use vAvaS 1= arg miny,eyd) MA, (W) to denote
the unit weight vector that minimizes the criterion MA,,(w) over the set of all the vertices
in H?. Therefore, for any data-driven MS approach, L%(w<,) is the MSPE of the associated

MS estimator.
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Corollary 3. Let A, := L% (w’

MS

) — Le(w ). Suppose that Assumptions 1-5 hold. If

n

L (@] L (@]
n(st) L 1 and n(wMA) L) 17 (4 9)
Ly (wiy) Liy(wy)

then we have

(i) A, =< Lé(w,) for the algebraic-decay case,

(ii) A, = o(LE(w',)) for the exponential-decay case.
Furthermore, we have L&(wl ) =< L4 (wl,) in both cases.

Corollary 3 shows that if both data-driven MA and MS approaches are asymptotic op-
timal, then the asymptotic improvability in Theorem 3 will hold for the chosen weight \fvf4 A
Note that under Assumptions 1-5, Theorem 3.1 of Ing et al. (2012)

demonstrates the asymptotic optimality of AIC and its equivalent MS criteria. In the next

and selected model vAvffis.
section, we will discuss the asymptotic optimality for the MA counterparts of these MS

criteria.

5 Other Model Averaging Criteria

In this section, we discuss the relationship between the proposed MMA criterion and other
data-driven MA criteria, and investigate their asymptotic properties. Inspired by Shibata
(1980), we propose a Shibata model averaging (SMA) criterion as follows:

Sn(W) = (N + W' [[yin (K;) + Moy (K)[W) 67

w?

where in (K,), Tnax(Ky), and 62 are defined in (3.1) and (3.2). Note that SMA extends
Shibata (1980)’s criterion from MS to MA, and it is closely related to AIC-type and Mallows-
type MA criteria. Following the same idea, we define an Akaike model averaging (AMA)

criterion as follows:

W [nin (K) 4 Mipax (K )W
N :

Like the discussion in Section 4.2, if we consider the unit weight vector wy i, then S, (wy 1)
and A, (wy ) will correspond to the Shibata MS criterion, S, (k) := (N + 2k)6?(k), and
Akaike information criterion, A, (k) := log(6%(k)) + N~1(2k), respectively, where 62(k) =
N7t Z;:Il{n(ytﬂ — 9r11(k))?. However, unlike the MMA criterion, both SMA and AMA

criteria are not a quadratic function of the weight vector and cannot be solved by quadratic

An(w) = log(d7,) +

programming.
Let Weya := arg mingey, Sp(w) and wo,, := arg Minyeya S (W) be the SMA weights
obtained by minimizing the criterion S, (w) over the weight set H, and HZ, respectively.

13



Similarly, let Wy, = arg minges, A,(w) and W%, = arg minyeya A, (W). The following

theorem shows the asymptotic optimality of SMA and AMA criteria when d is unknown.

Theorem 4. Suppose that Assumptions 1-5 hold. For the Shibata model averaging criterion,
we have L

a.s. . L ﬁ’

| wesa — Wl == 0 and lim Ln(na) 1

n—voo Li(w})
For the Akaike model averaging criterion, we have

LA (@t
|Wania — Wl i llz =20 and lim La(Wh) 251,
n

—oo L (wy)

Theorem 4 shows that both SMA and AMA are asymptotically optimal in the sense of
achieving the lowest possible MSPE. Therefore, according to Theorem 2 and Theorem 4,
MMA, SMA, and AMA are asymptotically equivalent in terms of achieving the minimum
MSPE. Furthermore, the differences among these criteria (up to a monotone transformation)
are negligible relative to the minimum MSPE of MA as shown in Lemma 8 and the proof
of Theorem 4 in the Appendix. For MS methods, Shibata (1980), Ing and Wei (2005), and
Ing et al. (2012) established similar results for these MS criteria. Our results extend the

asymptotic equivalence between these criteria from MS to MA for a dth-order integrated
AR(00) model.

6 Simulations

In this section, we investigate the finite-sample performance of proposed averaging criteria
in two simulation designs. The first design corresponds to the algebraic-decay case, and we
consider the following process:

100

(1 + Zaij)(l - L)dyt =€+ 0-5615—1;
j=1

where ¢ ~ 7.0.d.N(0,1). We set a; = ¢(—1)7"1j7% where a = 0.5, 1, or 1.5, and the
parameter c is varied on a grid from 0.1 to 0.9.

The second design corresponds to the exponential-decay case, and we consider the fol-
lowing ARIMA(1,d,1) process:

(14+¢L)(1— L)y = € + 0e_1,

where ¢ ~ i.i.d.N(0,1). The coefficient ¢ is varied on a grid from -0.8 to 0.8, and the
coefficient € is set to be 0.25, 0.5, or 0.75. In both simulation designs, the integration order
d is set to be 0, 1, or 2. The sample size is varied between n = 100, 200, 500, and 1000, and
the number of models is K,, = [3n'/3], where [a] is the nearest integer of a.

We consider the following MS and MA estimators:

14



Akaike information criterion MS estimator (labeled AIC).

Bayesian information criterion MS estimator (labeled BIC).

Mallows’ C,, MS estimator (labeled Cp).

Shibata information criterion MS estimator (labeled SIC).

Smoothed Bayesian information criterion MA estimator (labeled SBIC)
Akaike model averaging estimator (labeled AMA)

Shibata model averaging estimator (labeled SMA)

® NS T W

Mallows model averaging estimator (labeled MMA)

The AIC and BIC criteria are A, (k) = log(6%(k)) + N~'(2k) and B, (k) = log(6*(k)) +
N~Y(log(N)k), respectively, where 62(k) = N~! Z;:}l(n (Ye41 — Ue11(k))?% The Cp and SIC
criteria are C,(k) = No?(k) + 2ké? and S, (k) = (N + 2k)6%(k), respectively. For the
AIC, BIC, Cp, and SIC, we select the model with the smallest criterion value. The SBIC
estimator is a simplified form of Bayesian model averaging with diffuse priors and is defined
as Wy, = exp(—0.5NB,,(k))/ Z] L exp(—0.5NB,,(j)). The MMA estimator is defined in (3.2)
and the AMA and SMA estimators are described in Section 5.

We evaluate the finite sample behavior of each method based on the following empirical
MSPE: 5 Zs 1 <G2 ((yi‘fl y;{w}l( {shy)2 — a2>> where y{ o) (W) is the prediction based
on each method in the sth replication. As pointed out in Hansen (2008), we subtract the error
variance o2 because it is the common leading term of the MSPE across all candidate models.
Here, the scaling N / o° is used to ensure that results are scale-free. For o2, we use the same
estimator 6%(K,,) = N~' S04 K. (yt %] yjt{ +}1(K ))? for all methods in each replication. The
empirical MSPE is calculated by averaging across 50000 simulation replications. For ease of
comparison, we divide the MSPE of each method by that of MMA and report the relative
MSPE. Lower relative MSPE means better performance on predictions. When the relative
MSPE exceeds one, it indicates that the specified method performs worse than MMA.

In Figure 1, we present the relative MSPEs of the various estimates for d = 1 in the
algebraic-decay case. In each figure, the relative MSPEs are displayed for o = {0.5,1.0,1.5}
and n = {100,200, 500,1000} in 12 panels, and in each panel, the relative MSPEs are
displayed for ¢ between 0.1 and 0.9. The simulation results show that the MMA, AMA,
and SMA have similar MSPEs in most situations and perform quite well. These three MA
estimators have lower MSPEs than those of the AIC, Cp, and SIC, which is consistent with
Corollary 3. The BIC is dominated by the SBIC, AMA, MMA, and SMA. The SBIC performs
slightly better than the AMA, MMA, and SMA when a = 1.5 and n = 100, but performs
worse than the AMA, MMA, and SMA when « is small and n is large.

In Figure 2, we present the relative MSPEs of the various estimates for d = 1 in

the exponential-decay case. In each figure, the relative MSPEs are displayed for 6 =
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Figure 1: Relative MSPEs for d = 1 in the algebraic-decay case
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Figure 2: Relative MSPEs for d = 1 in the exponential-decay case
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{0.25,0.5,0.75} and n = {100,200, 500, 1000} in 12 panels, and in each panel, the rela-
tive MSPEs are displayed for ¢ between -0.8 and 0.8. The simulation results show that the
MMA, AMA, and SMA still achieve lower MSPEs than those of AIC, Cp, and SIC in the
exponential-decay case, but the efficiency gain of MA over MS diminishes as the sample
size increases. The relative performance of the BIC, SBIC, and other estimators depends
strongly on the sample size n and coefficients ¢ and §. Both BIC and SBIC have larger
MSPEs than other estimators when ¢, 6, and n are large.

To illustrate the effect of the sample size on the MSPE in both algebraic-decay and
exponential-decay cases, we present the relative MSPEs in Figures 3 and 4, in which the
sample size increases from 100 to 2500 on a logarithmic scale. As the sample size increases,
we can observe that the MSPEs of AIC, Cp, and SIC are getting close to those of AMA,
MMA, and SMA in the exponential-decay case, but not in the algebraic-decay case, which
is consistent with Corollary 3. Unlike these estimators, the relative MSPEs of BIC and
SBIC increase as the sample size increases, when c is large in the algebraic-decay case and
0 = 0.75 in the exponential-decay case. Therefore, it shows that the BIC and SBIC are not
asymptotically optimal in these cases. In the supplementary material, we also present the
relative MSPEs for d = 0 and d = 2 in the algebraic-decay and exponential-decay cases, and

the ranking of these estimators is quite similar to that for d = 1.

7 Empirical Example

In this section, we apply the proposed MA methods to the climate change prediction. We
employ Rohde and Hausfather (2020)’s global land-ocean temperature dataset to study
the Earth’s surface temperature change between January 1850 to December 2021. Ro-
hde and Hausfather (2020) constructed the Earth land and ocean temperature changes
relative to a 1951-1980 baseline period; see their paper for a detailed description of the
data construction. The monthly data consist of 2064 observations and are available at:
https://doi.org/10.5281 /zenodo.3634713. The time series plot of the land-ocean tempera-
ture changes between 1850-2021 is presented in Figure 5.

We calculate the one-step-ahead prediction of the land-ocean temperature changes using
a rolling estimation scheme. We set the rolling window size to n = 100, 200, 500, or 1000,
and the number of models as K, = [3n'/3], where [a] is the nearest integer of a. For each
rolling window size n, we use observations {y; ?jbb’l in the training sample to estimate
a sequence of AR(k) models and then apply the same MS and MA methods as those in
the simulation study to construct the one-step-ahead prediction of y,., for b = 1,..., B,
where B = ng — n and ng = 2064. We next evaluate these methods based on the following

empirical MSPE: % Zszl (% ((y,Hb — g)ner(Wb))Q — 02)), where §,14(Wy) is the prediction
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based on each method in the bth training sample. For ease of comparison, we divide the
empirical MSPE of each method by that of MMA and report the relative MSPE. Thus, an
entry greater than one indicates that the specified method performs worse than MMA.
Table 1 presents the relative MSPEs of MS and MA methods. The results show that
AMA, MMA, and SMA achieve lower MSPEs than other methods in most scenarios. As the
rolling window size increases, we observe that the MSPEs of AIC, Cp, and SIC approach
those of AMA, MMA, and SMA, while the relative MSPEs of BIC and SBIC are increasing.

The pattern of relative performance among these estimators in this empirical example is

quite similar to that of the exponential-decay case in the simulation study.

Table 1: Relative MSPEs
n AIC BIC Cp SIC SBIC AMA MMA SMA
100 1.022 1.022 1.030 1.037 1.002 1.000 1.000 1.005
200 1.020 1.009 1.022 1.022 1.004 1.000 1.000 1.001
500 1.007 1.020 1.008 1.009 1.017 1.000 1.000 1.000
1000 1.003 1.044 1.003 1.003 1.040 1.000 1.000 1.000
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8 Conclusion

In this paper, we study the MA prediction for integrated autoregressive processes of infinite
order. We first derive a uniformly asymptotic expression for the MSPE of the averaging pre-
diction with fixed weights and demonstrate the bias-variance trade-off for the MA approach.
We then propose a Mallows-type criterion to select the data-driven weights and investigate
two related MA methods, Shibata and Akaike MA estimators. We show that the proposed
method and these two related methods are asymptotically optimal in the sense of achiev-
ing the lowest possible MSPE. We further demonstrate that the MA methods can provide
significant MSPE reduction over the MS methods when the model misspecification bias is
algebraic decay, but the magnitude of improvement is asymptotically negligible when the
model misspecification bias is exponential decay. The theoretical properties of asymptotic
optimality and asymptotic improvability are supported by the simulation study and real

data analysis.

Appendix

A MSPE Decomposition and Supplementary Lemmas

We first provide the decomposition for the MSPE of the averaging prediction. As shown in
Eq. (4) of Ing et al. (2010), the difference between y,,+1 and g,41(k) can be decomposed as:

) n—1 ) 1 n—1
Y1 — Gusa(k) = { — N7 ) NN siR)s 0] sj,n<k>ej+1,k_d} +enriha
j=Kn j=Kn

(A1)
where s, (k) = G, (k)Q(k)y;(k), Gn(k) is a k x k diagonal matrix defined as

diag(1,...,1, N~41/2 N7V k>d>1,
Gn(k) =< diag(N—41/2 . N—dtk=1/2) d>k>1,
diag(1, ..., 1), d=0,

Q(k) is a k x k matrix such that

(z;(k — d)1,y;(d), ... y; (1)), k>d>1,
Qn(k)y;(k) = q (yi(d), ... y;(d =k + 1)),  d=k=>1,
z;(k), d=0,
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with y;(v) = (1 — L)% Yy;, and
€ntlk—d = Nan k=d,
B zig +a(k—d)z;(k—d), k>d

Based on the decomposition of (A.1), the MSPE of the averaging prediction can be
rewritten as

Kn 2
E(Yni1 = Gnp1(W))* —0° = E(yn+1 - Z wk?)nH(k)) — o

k=max(1,d)

:E( i wifu (k) + i wkSn(k;—d)>2,

k=max(1,d) k=max(1,d)
where ) ,
S;Ln(k> - 4 -1 1 \-
R D SENESHU) I (S e
and

Sn(k - d) = €n+1,k—d — €En4+1 = Z(ai - ai(k - d))Zani-
i=1
Note that f,(k) can be further decomposed into a non-stationary term Bj,(k,d) and
stationary term By, (k — d) as follows:

) i1
Bt = {22280y

Uj,n(d)ejﬂ,k—d} 1(d>1),
n—y/n—1

Bl - ) = { 20D 0 > nti- Deyeraca 1k > d)

VN

where Q,,(k) = [ Syl sk )sm(k)] for k > 1, T(v) = B2 (v)7, . (v)) for v > 1,
and Uj,(v) = ((y;(d) /N2, y;(d — v+ 1) /N /2)),
To take care of the dependence between future observations and the estimation sample

we use the following terms to approximate By, (k,d)

!

funla) = {22 - U @] LTS e bz 1)
1,n — \/N = ]n ] \/N - Jsn J+1 - )
oy ST T [

fm(d)—{w JZKn Ujn(d )_ iy 2 an(d)€J+1}1(d>1),

/ .
where Uy (d) = (N2 500 k(oo NV Sy, ) s i) = 5
and r;(v) = S ke(v — 1), Vo > 2.
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Similarly, we use the following terms to approximate By, (k — d)

n—y/n—1

_rlk—d) L 2 (b — d)e.
fg,n(k—d)_{ Vi Ik d)\/N j;n i(k—d) J+1}1(k>d),
* fzlk-d) 1 &
=)= {2 - g > 25k~ e 105> ),
* AL AR

Fruslb =8 = BSOS il g J1E > ),

/

where z) (k) = (Z;@OK” bi€n_js ey Z]\.FSJK" bjen_k+1_j> for £ > 1. To approximate the
model misspecification term S, (k — d), we use the following term
Vn/2
Stk —d) = 3 (s — aufk — )2ty
i=1

*ok _ Vn/2
where 27, =3 V0" bjens1—i—j-

The following lemmas will be used in the proof of theorems and corollaries, and the proofs

of these lemmas are included in the supplementary material.

Lemma 1. For K, =o(n) and 0 < k < K,,,

E(S wnlesin— ) = Y wiwylla — a(maa{i, j P2 = o(n ™).

0<i,j<Kn

Lemma 2. For Kp™U 3 = o(n), max{1,d} < k < K,, and w € 1,

* 2
(i) lim su B[ Y iy Ok = d) = 3, (k= )]"|
n—+00 we?zil Lg(w) — Y
* “ 2
o : E[Zfznmax{l,d} wk(fQ,n(k - d) - f2,n,oo(k - d))]
(1)) lim sup - _o
00 eqyd Ln('lU)

Lemma 3. For K? = o(n),

(i) lim max |E(N(f5,.(k))*) —ko*| =0,

n—oo 1<k<K,

(i) lim max |E(Nf5, (k) fsn00(1) — min(k,1)o”| = 0. (A.2)

n—oo 1<k,I<Kj,
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Lemma 4. For Kp™U3 = o(n), max{1,d} < k < K,,, and w € 12,

E[(S 5 Wi fon(k — d)) (3K wySn(k —d
lim sup [(Zkfmax{l,d} ka, ( d))(kaax{l,d} k ( ))] ‘ —0 (AB)
n—o0 weHI Ln(w)
Lemma 5. For Kp™U 3 = o(n), max{1,d} < k < K,, and w € 1,
B[ Wi f1n(d) + wefon(k — d) + wpSa(k — d)) ]
lim sup [ k—max{l,d}( kfl, ( ) kf27 ( ) k ( ))] 1l =0 (A4)
0% e L (w)
Lemma 6. For Kr™M 3 — o(n), max{1,d} < k < K,, and w € H2,
E(f.(k,d),S,(k—d),w) — E(F,(k,d),S,(k —d),
i s [PV 80k = @) w) — B Sk =dw)|
00 e L (w)
where
Ky Ky )
k=max{1,d} k=max{1,d}
K, Ky
BE(Fo(k,d), Su(k —d),w) =E[ > wiFu(k,d)+ > wiSa(k —d)]”,
k=max{1,d} k=max{1,d}

and F,(k,d) = f1.n(d) + fon(k — d).

Lemma 7. L@t /LDI\/IMA,]{,‘} wSMAJﬁ‘) a’I’Ld /LDAMA,IC be th@ kth €l6m€’ﬂt Of ibN[MA) ibSMA) and ﬁ’ANIA)
respectively. For any 1 < k < d and 2 < ¢; < max{3,q}, we have (i) Pr(Wymar > 0) =
O(n““/z), (11) Pr(syar > 0) = O(n_‘I1/2), and (iii) Pr(Wamax > 0) = O(n_‘ﬂ/Q).

The following lemma extends Theorem 4.2 of Shibata (1980) from MS to MA.

Lemma 8.

Suppose there is another model averaging criterion gn('w), which is a function of model

averaging weights. Define Gp(w) = C,(w) — g(S,(w)), where g(-) is a increasing function,
and Cy,(w) is the Mallows model averaging criterion. Let £ = inf ,cqa L%(w) = LI (w?) and

'fu%n = arg min ,eqd S, (w). Suppose that Assumptions 1-5 hold. If
Gp(w) — Gu(wy)| »

li =0 A6
M su | N T (w) ’ (4.6)
then we have e
L2 (wf?
lim n(@s,) 41,



B Proofs of Theorems and Corollaries

Proof of Theorem 1. Based on the MSPE decomposition in Appendix A, for any w € HZ,

2
Ky

E(nit = Guri(wW)? —=0® =E | Y wi(fulk) + Sulk — d))

k=max{1,d}
Observe that
B[ iy Wk (k) + Salk = )]’
Li(w)
E(fn(k’ d)a Sn(k — d)? W) — E(Fn(kv d)a Sn(k — d)? W)
L (w)

Bl vy Wk(Frn(d) + fon(k — d) + Su(k — d))]?
Li(w)

sup
weHd

_1’

< sup
weHd

+ sup —1‘.

weHd

Thus, Theorem 1 holds by Lemmas 5 and 6. This completes the proof. O

Proof of Corollary 1. Without loss of generality, we randomly choose two AR models,
AR(k;) and AR(kz), where max(1,d) < ky < ks < K,,, and construct the averaging predic-
tion based on these two models only. Let wy, x, be the associated weight vector such that
Wiy ks = (0, ooy Wiy ooy Wiy, -, 0)) € HE with wy, + wy, = 1. By Theorem 1, we have

LY (Wi, 1) = wil% + %
+ (1 —wy,)’[la — a(ky — d) |12 + 2wy, (1 — wy, ) [Ja — a(ky — ).

k
(1w, )P+ 2w, (1= w7+ i [la — alky — d)]2

Thus, the MSPE of the MA prediction is strictly less than the MS predictor if

k
Lt (Wi k) < Nl + [la—a(k — d)|1%, (B.1)
and
k
Lt (Wi k) < NQ + [la — a(ky — d)|1%. (B.2)

By some algebra, (B.1) and (B.2) can be rewritten as

2k2_k31

(1_wk1) N

< —wi)[lla—alk —d)| - lla—alk: — d)|Z], (B.3)

and
ko — k
wi [lla—a(ky — d)|2 — [la —alke — d)[|2] < 2wy, (1 — wg,) = I - (B.4)
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Based on the quadratic formula, (B.3) implies wy, must lie within the following interval:

w c (O(k’l,k’g,n)—B(kl,kg) 1)
= C(ki, ka,n) + B(ki, ko)~ = )’

and (B.4) implies wy, must be within the interval below:

QC’(kzl, k:z,n) >
el 0, )
W < Ckr, ka,n) + Bk, ko)

where C(kl, k’Q, n) = N_l(kg — ]{51> and B(kl, kg) = ||a - a(k:l — d)“g — Ha — a(k:2 — d)”z
Note that C(ky, ke, n) is always greater than zero. If B(ky, k2) > 0, then

C(ky, ko,n) — B(ky, k2) 2C(ky, ks, n)
<C’(k:1,k2,n) + B(ky, ko)’ 1) " <O " C(ky, k2,n) + B(ky, k2) > N[0, 1] # 0,

and there exists a weight vector wg , = (0,...,w} ,...,wy,,...,0) € H& with wp +wj, =1

such that L¢(wj ) < min (L¢(wy, ), L%(Wy,)), where wy, and wy, are vertices of H% corre-

),
sponding to MS predictors of AR(k1) and AR(ks), respectively. Note that we do not restrict
the relationship between C'(ky,kq,n) and B(ki, ks), and either C'(ky, ko, n) > B(ky, ks) or
C(kl, ]{32, n) S B(]CI, ]{32) is allowed. When O(kl, ]{72, n) Z B(l{fl, ]{72), we have

]{ZQ kl

v la—a(ky —d)||? > v la—a(k; — d)]|2,

which implies that AR(k;) generates a smaller MSPE than AR(k2). Similarly, AR(k2) gen-
erates a smaller MSPE than AR(k;) when C(ky, k2, n) < B(ky, ko).

By condition (4.6), there is a k € {max(1,d), ..., K, } such that |B(k,l)| > 0,V # k. We
can repeat the above argument for all the pairs of AR(k) and AR(l) with fixed k, max(1,d) <
| < K,, 1 # k. Then, for H, there are K,, — max(1, d) numbers of pairs and weight vectors
either wy ; := (0,...,wp, ..., w},...,0) if k < lor wy, :=(0,...,w},...,wp, ...,0) if | < k. Denote
Pn(wy,) as the collection of weight vectors wy, and wy := argminp, (w ) Li(w). Clearly,
wo in HA\V(H) and L4(w8) < min(L%(wy), L (w;)) for all the pairs of AR(k) and AR((),
max(1,d) < 1 < K, | # k. Hence, L(w{) < minyeppa) LE(w). This completes the

proof. n

Proof of Corollary 2. Define ¢; = 1 and ¢; = Zj{:”Q w; for any w = (wy, wy, ..., wg, ) € HI.

By some algebra, (4.2) can be rewritten as

p o?d*>  o?max(1,d) o s &n )
Lo(w) = —7 + N + Ak, + Y Vi T > (1= [Aj — Ayl
j=max(1,d)+1 j=max(1,d)+1
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Then, for w}, € HY such that L (w}) = infyeqa L (W), LE(w?) can be obtained by plugging

K
- Aj1— 4 )
pe Y (3
j=max(L,d)+1 N + A= 4
into (B.5). This completes the proof. O

Proof of Theorem 2. We first show |[Wyns — W [l2 =23 0. Note that

VAVMMA = VAVMMA]-(WMMA S ,Hn\,H;lL) + WMMA1<VAVMMA S 'HZ)

= Wanial (Wi € Ha\Hib) + Wiiya-
Thus, we have
Pr( [[Wania — Wieall2 ) = Pr( HvAvMMAHﬂ(wMMA € Ha\H1))
Z )1 (Wanaa € Ha\HE))

< Pr(WMMA € Hu/HE) = Pr(tdmas > 0,1 < k < d).

A

By Lemma 7 (i), we have Pr( |[Wyna — Wipallz ) = O(n™%/%), 2 < ¢; < max(3, ¢), which is
summable. Then the result holds by Borel-Cantelli Lemma.

We next show that lim,, o L (W% )/L4(w?) - 1. Recall that w2, = arg miny,cya Crn (W)
and L& (w}) = infy,cqa LE(w). Thus, we have

0 > C ( MMA) _On( *)

V (Wi\i/[I\/IA7 )
Vo(w, wk)
NLd(w)

= NLd(Ad ) _NLZ(W;) _Vn(wf\l/IMA7W:L)7
> NLE (W) — NLE(w)h) > 0,
VoWhws) | LiGw)
B NLd( o Ld(

\%

> 0.

sup
weHd

MMA) l\IMA)

Therefore, if
Vo(w, wk)

NTA(w) 250, (B.6)

lim sup
n—oo WE’H%

we have

For a vector v and a positive definite matrix ), define ||V||g2 = v/Qv. Inspired by Eq.
(4.1) of Ing et al. (2012) and Theorem 1 in this paper, for all w € H%, C,(w) can be

decomposed as below:
Co(w) =NLE(W) 4+ Wi (KW (5% — 0%) + W ey (K,)W(52 — 0%) + (N + d — d*)o* + N2
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+ < >, wwy[(max(i,j) — d)o?

max(1,d)<i, j<Kp

n—1
- ”N71/2 Z Sj,n<max(i>j))€j+1,max(i,j)—dH?};l(max(i,j))} )
+(N Y wiw S (max(i, j) — d) — o*(max(i, j) — d)] ), (B.7)
max(1,d)<i, j<Knp
where (1) = N7 Y000k 6,1y, 0°(1) = 0+ la—a()|2, and la—a(k)|2, €511, and Q. (k)
are defined after section 4.2 and (A.1).
In view of (B.7), we first rewrite (N LZ(w))"1(C(w) — Cp(W?)) as

Co(w) = Culwy) _, NLG(W,)  Valw, wy)
NLd(w) NL(w) NLi(w)

Next, (NL(w))~ 1V, (w, w?) can be decomposed into seven parts:

W/Hmin<Kn)W(é-2 — U2) W;/Hmin(Kn)W* (62 — 02)

Vn = ) Vn ) )= - )
tn(W) NLi(w) on (W, W) NLd(w)
W (K, )W (52 — 02) W*leaX(Kn)W* (6% — o?)
Vn = - ) Vn ) ) = —— - )
o NLi(w) ) NLi(w)
1 .
Von (W) = _W(w)( Z wyw; | (max(i, j) — d)o”
n max(1,d)<i, j<Kp,
n—1
_ HN—1/2 Z Sj,n(max(i>j))€j+1:max(ivj)*d”é;l(max(i,j)):| ),
* 1 * * .. 2
‘/fin(wv Wn) = _W(VV) Z wn,iwn,j [ (max(z,j) - d)O’
n max(1,d)<i, <Ky
n—1
_ ||N—1/2 Z Sj,n(max(i7j))€j+1:max(ivj)*d||?2,§1(max(i,j))} ),
j:Kn
Vo (W, W) = _Zmax(l,d)gi,ngn (wiw; — w;7iw:7j)[22(max(i,j) —d) — o*(max(i, j) — d)]
e Li(w) |
Observe that
sup Valw, w,) < Z sup |Vin(w)| + Z sup |V, (w,w))|
wet, | NLE(w) |~ =135 WEHn " j=2.4.6,7 WEHn e

Thus, if supgeya |Vin(W)| = 0p(1) for i = 1,3,5 and supyeqya [Vin(w, w})| = 0,(1) for j =
2,4,6,7, then (B.6) is automatically satisfied.
We now show each term is 0,(1). By Eq. (4.6) of Ing et al. (2012), for any & > max(1, d),

n—1
(k) — 0> = [k —d) — >k — )] — [N Y 8;(M)essnn-alldor + la—alk — d)|2
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Similar to Lemma 7 (i), without loss of generality, let 6% = 6%(K,,). Then,

|V (W)| o (WIHmln(Kn)W> Zrna,x(l,d)gi7 G<Kn W;w; [O"-Q(Kn) . 0_2]
o NLA(w
— (Wi (K )W) Dmax(1,d)<i, j<1< Wit 150 (Kn — d) — 0% (K — d)] |
= min n NL’rdl(W)

Y

+ (Wi (K, )W)

_ n—1
y ‘ Zmax(l,d)gi, j<Kn wiw;|| N ! Zj:Kn Sj,n(Kn)EjJrl,KrdH?};l(Kn)) ’
NLi(w)
> 1.d)<i, j<K. wiija—a(Kn—d)HQ
/Hmin Kn ‘ max( ) )717]7 n z
F (WL (K )W) T

=)+ (II)+ (II11).

By Lemma 4.1 and Eq. (4.8) of Ing et al. (2012), > 1 a<i j<x, wiw; = 1, and [ja —

a(v)[? < la—a(l)|Z, v = I, we have

NLi(w) /N
W,Hmin(Kn)W Kn Kn
W i (K, )W K,
117 < —
()< ¢ N =0 N
Then, it follows that
1 n
suﬁsd Vin(W)| = Op(\/—N +—). (B.8)
wWEHT

Similarly,

sup [Van (W, wy,)| < [Von(wy,, Wi, )| < sup [Vin(w)].

weHd weHd

Thus, by (B.8), we have

K

Yy, B.
+ oy (8.9

2=

sup |Van(w, wy, )| = Op(
weHE

Similar to V3, (w), we can rewrite |V3,(w)| as

(W Tax (Kpn )W) Zmax(l,d)gi,jgl{n wiw;[6%(Ky,) — o?]

(W (K )W) Zmax(l,d)gi,jgk'n wiwW; [ii(Kn —d) — UQ(Kn —d)] ‘
- max n NL%(W)

+ (W oy (K, W)
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_ -1
Zmax(l,d)ﬁi, J<Kn W;Ws ||N ! Z?:Kn Sj’n(Kn)€j+1’Kn_d||%;1(Kn)) ’

s ’ NLI(w)
D max(Ld)<i. i<k, Wits]la —a(K, — d)|2
,Hmax Kn ‘ max(1,d)<i, j<Kn z

="+ ")+ (I1I7),

By Lemma 4.1 and Eq. (4.8) of Ing et al. (2012), >° . o o< j<x, wiw; = 1, and [[a —

a(v)||? < lla—a(l)||?, v >, we have

W (KW K,
(11°) = O, ™) — 0, —5).

W o ()W K,

I17") < < C—.
(rysc N S
Then, it follows that
1 K 1 2K
_ n Doy Bny B.1
oo Vol = O ey v Va8 T ) (0
Similar to the argument on Vo, (w, w}),
1 K, 1 K? K
Vin(w, w*)| = O - L B.11
oo Vit =0l ey v PNy v PN B
To deal with Vs, (w), define
Q,(k), 1<k<d,
Qun(k) = I'(k— -
dn(k) (k —d) O(Akd)xd Cd<k<K,
Oux(k-ay S2n(d)
Then, for any d < k < K,
n—1
(k= o~ IN2 3 s (0epsriallyor |
Jj=Kn
n—1
< |tk = d)o* = INTY2 D7 25k = d)eap-allfrg [ Lk > d)
j:Kn

n—1
HINT2N " U d)ejarial 2192, ()]
j:Kn

n—1

FINT2D s (R)egan-al 212 (k) = Qan(R)])-
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Therefore, we have

1 .
|Vin(w)] < W(W)‘ Z W;wW; [ (max(i,7) — d)02
n max(1,d)<i, j<Kp,
n—1
—||N2 Z zj(max(i, j) — d>€j+17max(iaj)—d”%‘*Hmax(i,j)—d) } 1(max(i, j) > d)’
j=Kn
1
rvme (D S @ e 19 @)
n max(1,d)<i, <K j=Kn
n—1
1 _ .
+ NLd(W)< Z wiijN 12 Z Sj,n(max(%J))€j+1,max(i,j)—d||2
n max(1,d)<i, <K, j=Kp,

X 1€ (max(i, ) — Qun(max(i, 1))
=)+ (II°)+ (III°).

By Eq. (2.3), Lemma 4.2 of Ing et al. (2012), Lemmas B.1, B.3, B.4, B.6, and Theorem 1 of

Ing et al. (2010), and some algebraic manipulation, we have

K2 1 1 K2
]O = 0 I]O — O - I]_[O _ O
Then, it follows that
Krl/z 1 1 K2
n(w)| =0 n). B.12
vfél"}-?% Van(w)l ”(NL?L(W:L) * NL(wr) + N Ld(w¥) N1/2) ( )
Similarly,
K}Lm 1 1 K2

- 7). B.13
Sup, Voulw. W)l = Oul Gy * Nid(we) T NLd(wy) N2 (B.13)

Since ZkK:"max(Ld) wg = 1 and ZkK:"maX(lyd) wi =1, |Va,(w, w?)| can be decomposed as

Ld)<i <K, Wilj 22 (max (i — o?max(i — {32 K,) — c*(K,
|V7n(w,w;i)|§) max(1.d) 2 (max(i, j)) ; (i, 1)) = {E*(I,) — o*( )}]’

).

Ld(w
Zmaxu,d)gijgkn wy, zwnj[22<max(l 7)) — (max(z 7)) — {iQ(Kn) - UQ(Kn)}]
+| T (w) |
Y max(La)<i j< i, With;[ S (max(i, j)) — o (max(i, §)) — {S2(Ky) — 02(K,)}]
< T |
Zmax(l,d)gijgl(n wnzwn][22(max(z 7)) — Q(max(i,j)) - {EZ(Kn) - Uz(Kn)}]
+| |

Li(w3)
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By Eq. (4.4) of Ing et al. (2012), we have

Zmax(l,d)gi I<Kn Wiw; ||a(max(i, ])) - a(Kn) ||Z

"/7n(W7 W;)' = OP( N1/2][4d (W) )
<0 (Zmax(Ld)gingn wiwjlla — a(max(i, 7)) || 1 )
- (L (w))!/? (VL (w))'/2
1
= O
Then, it follows that
1

Von(w, W) = O (o).
Sup, Vonlw. W)l = Ol (T weyyi)

By (B.8)-(B.14), lim,, o, N2 — 00, and Assumptions 4 and 5, we have

Vo (w, w), *
Valw, wn)) > osup V(W) + Y sup [Viu(w, wi)| = 0,(1).

w
n(w) i=1,3,5 WEHn j=2,4,6,7 WEHn

Thus, (B.6) is satisfied and lim,_, L (W%, )/L:(w?:) -2+ 1 holds. This completes the
proof. O

(B.14)

wEHn

Proof of Theorem 3. For (i), note that

2d2 k’*
Li(wik) = UN + UQNTL + Aps .

Then, by the algebraic-decay condition and the argument as giving in Eq. (A.9) in Ing and
Wei (2005), we have

ki = O(NY@D) and Li(wi,) = O(N /et (B.15)

where wi ; is the optimal unit weight vector defined after Section 4.4, and k;, is the optimal
order for (4.5) under MS. In other words, the k;th element of w} ; equals one and others are
Z€eros.
Observe that
Ay = Ly(wiy) = Ly(wy)
kr 2

2 A Kn i
N T+ Ai1— A . ST A1— A

j=max(1,d)+1 J=ki+1

= (I) + (IT) (B.16)

and A, < L¢(wj,). To show A, < L¥(wj ), it is sufficient to show that (1) > ¢ L& (w7 ),
where ¢ is a positive constant greater than zero. Since A; = C(j — d)~, we have

2 2

kn g 2 k;, o
(I) N (02 - ) N (02 ) >
N j=max(1,d)+1 + AJ 1= AJ N x(1,d + C(j - 1- d) C(] - d)—a
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o? o o*(j—1—d)°
0% (Uz(j_l_d>a+zv[1—(1—j%d)a]>

j=max(1,d)+1
2 kn

i 0’(j —1—d)*(j —d)
% Y (At
N j=max(1,d)+1 g (‘7 —1- d) (j - d) +N
2 k, gyt
a 0%(j —1—d)
> R
P> ( o> (kp )t + N )

j=max(1,d)+1

2 K

o 1 -
> - 1 — a+1
- CN 0'2(/6;)0{—"1 + N . Z <‘7 d>
j=max(1,d)+1
2 1 *
>cZ [(k—1—d)*"?] > Ck” = CN~o/letD) (B.17)

N o?(kr)ett + N
where the second inequality is insured by 1 — (1 —z)?» < Cz, p >0, 0 <z < 1, and the
last inequality holds by k; = O(N'V(D). By (B.15)-(B.17) and A, < L%(w},), we have

A, =< Li(w7 ) under the algebraic-decay scenario.

For (ii), by the exponential-decay condition and the argument as Eq. (A.1)-(A.5) in Ing
and Wei (2005), we have
k= 0 og(v)) and Li(wi,) = 0(= 5,
o} ’ N
To show A, = o(L&(w7 ,)), it is sufficient to show that (I) and (IT) in (B.16) are o(N " log(N)).
Since d is finite by Assumption 1, A; = C'exp(—a(j —d)) = Cexp(—a(j)), and A;_y — A; =
C(1 — exp(—a)) texp(a(j)), we have

(B.18)

o? i i 0?2 i 1
07 (et F ()
N j=max(L,d)+1 t A=A N j=max(1,d)+1 Ajor = 4
0%\ 2 1 exp(ak?) — exp(amax(1,d)) 1
<CO(— n ’ =0(—= B.1
_C(N) (1—exp(—a)) e—1 O(N)7 (B-19)
and
i & Z —A))*
- § s -o £ (25725
j=k;+1 ¥ A4 j=k+1 A1 — A
Kn
<C Z A 1—A;) < C’; X | exp(—ak)) + ... + exp(—a(K, — 1))
- J )T 71 —exp(—a) " "
J=k}:+1
1
< Cexp(—ak)) [1 —exp(—a(K, — k; + 1))] = O(N) (B.20)
Thus, by (B.18)-(B.20), we have A, = o(L{ (w7 ;)). This completes the proof. O
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Proof of Corollary 3. First, we show that L¢(w},) < L%(w} ) under either exponential or

algebraic decay. By the representation in Corollary 2, we have

K 2 k* 2
“ (A — A n (A1 — A; kx
Li(wh) > g ];f( -1 J) > g ]QV( i1 ;) > Co® > cL(w,),
" " Uw—i-Aj,l—Aj e +AJ71—A] N " Lk

j=max(1,d)+1 j=max(1,d)+1 N

for some ¢ > 0, where the third inequality holds by N~'o? < C'(A;_1 — 4;), j = max(1,d) +
1,...,k} for some large enough C under either exponential or algebraic decay. Hence,
Li(wr) =< L¥(wj ;) holds under either exponential or algebraic decay.

Next, observe that

LA maw) Liwy) Li(wia)
L (Wiis) Li(wi) Li(wi i) L (W)
An Ld * Ld A Lg wi An
= Tdrwr N T dn(“;n) (1 - nd(WNiA) (ulik)> = Td e +o(1),
La(wiy)  Li(wiy) Li(wy) Ld(wey) Li(wi ;)

where the last equality is insured by the condition (4.9) and the fact that Lf (w},) =< L (w7} ;).
Thus, by Theorem 3, we have A, =< L4(w?.) and A, = o(L(W?,)) under algebraic and

MS

exponential decay, respectively.

We now show that L¢(w%,) =< L¢(w

). Observe that

Ly(Wi,) _ La(wh,) La(ws) Lo(wis)
d

Lg(wils) B LZ(WZ) Lﬁ(wik) Lg(VAVMs)
Then, by the condition (4.9) and Lf(w}) =< Li(w7 ), we have Lé(we ) = LE(w?,) under
either exponential or algebraic decay. This completes the proof. O

Proof of Theorem 4.
Part I: Shibata model averaging criterion

The strategy of the proof is to show that Shibata model averaging weights Wy, satisfy (4.7)
and (4.8). First, Wey, satisfy (4.7) by the same arguments as the proofs of the first part of

Theorem 2 and Lemma 7 (ii). To show that WZM N

satisfy (4.8), we will check the condition
(A.6) in Lemma 8 holds. Note that the difference between Shibata model averaging criterion

and Mallows model averaging criterion is
Gn(w) = Sp(w) — Cp(W) = —(W [Min (Kp) + Hinax (K,) W) (6% — 62) + N&°.
Then, it follows that

|Gn(W) — Gp(W))] S'(W/[Hmin(Kn) + Mipax (K5) W) (62 - (}ZM

n
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+ ’(W;kll Min () + HmaX<Kn)]W:L)(‘V72 - &120*) ) (B.21)
where
1 n—1 1 n—1 Ky
b = N Z (Yer — G (w))? = N Z (Ye+1 + Zwk}’één(k)){
=Ky, t=Kn k=1
1 n—1 1 n—1 K
62. = N Z (Y1 — D1 (W)))? = N Z (Yes1 + sz7ky;én(k))2a
t=Kn, t=Kn, k=1
and wy, ; is the kth element of wy,.
We next show that
(W' [Min (K) + HmaX(Kn)]W)(62 - 62) ‘
Yl = 1). B.22
Jup, NLI(w) () (B-22)
Observe that
1 n—1 K, 1 -1 K,
0o =5 2 W+ Y wyian (k) = 5 3 O wilyr + viaa (k)
t=K k=1 t=Kn k=1

= ) waw,*(max(i, j)),

1<i, j<Kn

where 62(k) = N2 3000 (Y1 — Gea1(K))? = N7L Y05 (Y1 + yidn(K))?. Then, it follows
that

(W [inin () + Tinax ()W) (62 — 63)
su
wei NLi(w)
< sup (W/Hmin(Kn)W)(ZmaX(Ld)g@ j<K, Wil; [6%(max(4, j)) — o?]) ‘
" wend NLi(w)
Hmm Kn 5% — o
 aup | T2 — )
weHE NLn(W)
+ sup (W/Hmax(Kn)W)(Zmaxu,d)gi, j<K, Wil; [6%(max(i, j)) — o?]) )
wend N L (w)
+ sup (W Tpax (K )W) (52 — 02)‘
weHd NLi(w)
W o (KW
gC( sup |Unn(w)| + |62 — %] + sup |Usn(w)| + sup (52 — 0?) ) (B.23)
weHd weHd weHd N Li(w)
where
W i (K, ) W(62 — 0?) W pax (KW (62 — 0?)
Upn(w) = = d Ugp(w) = =
tn(W) NLd(w) and Uz (w) NLd(w
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By Eq. (4.6) of Ing et al. (2012), for any k& > max(1,d), we have
n—1

62 (k) — 0% = [S2(k —d) — *(k — )] — N7V Y sy (K)egsricallar g, + lla— alk — )%

Then, it follows that
(W' inin (K )W) Zmaxu,d)gi, j<K, Wil 6% (max(i, j)) — o?]
NLd(w)

ZmaX(Ld)gi, <K, Willj [i%(max(i, j) —d) — o*(max(i, j) — d)] ‘
NLi(w)

|Urn(w)| =

- (W’Hmin(Kn)w)‘

+ (Wi (K, )W)

Zmax(l d)<i, j<Kp, ww; [N~ Z] Kn Si, n(max(d, ))€;11,max(i.g) d”2

" ‘ ! (max(i.5)) ‘

NLi(w)
Z 1.d)<i. i<K. wiija_a(maX(i?j) _d>||2
/Hmin Kn ‘ max( s )_747.7_ n z
+ (w (KG)w) NLi(w)

= (I) + (IT) 4 (I1I).
By Lemma 4.1 and Eq. (4.8) of Ing et al. (2012) and >_, . o< j<r, Wiw; = 1, we have
K, ~ K,
) (D) =05, ana (11n < B
Then, it follows that

sup [Unn (w)| = O,(—= + %). (B.24)

weHd

2=

Similar to Uy, (w), we can rewrite

(W/HmaX(Kn)W) Zmax(l,d)gi7 J<Kn W;ws [&IQnax(i,j) - 0-2]
NLi(w)
Zmax(l,d)gi7 I<Kn W;ws [Ei(max(z, ]) - d) - 02(maX(i,j) - d)] ‘
NLi(w)

|Uzn(W)| =

= (W Ty (K W)

+ (W pax (K)W)

Zmax(l d)<i, j<Kn Wi W; ||N ! Z] Kn S, n(max(z j))EjJrl,max(i,j)*d”%;l
NLI(w)

Zmaxu,d)gi, J<Kn wiw;lla — a(max(i, j) — d)||?

NLi(w)

% ‘ (max(i,j))) ‘

(W T ()W)
= (I")+ (II™) + (11T™).
By Lemma 4.1 and Eq. (4.8) of Ing et al. (2012) and }_, .. o< j<x, Wiw; = 1, we have

K, K?

(™) = OP(WW>’ (1) = Op(m

K,
d ([I1*) < C=2.
). and (111") < €
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Then, it follows that

1 K K K
Usp, =0 n _n Ty B.25
Sup W™l = Ol Fpimemy VN T NIw) N T W) (B.25)

By (B.23)-(B.25), similar arguments for (B.25), and the fact that 52 = 6%(K,,) is consis-

tent for o2, we have

(W [Miin () + inax ()W) (62 — 63)
weHd NLi(w)

1L K, 1 ﬁ+ﬁ))
NLj(w;) VN = NLi(w;) N = N7

< C(O) g+ 3+ 1) + O,

Therefore, (B.22) holds.

Note that
(W;k”L/ Min (K) + HmaX(Kn)]W;)(62 - &zzu*>
sup
weHd NLi(w)
*/ . x\ (=2 22
< sup (W) [Mnin (F) + Thnax ()W ) (0 0, )
weHd N Li(w*)
/ . ~2 A2
< sup (W [Miin (Kp) 4 Hiax (Ky) W) (6 7,,) )
weHd NLi(w)

Therefore, by (B.22), we have

(W:L, [[inin (F) + HmaX(Kn)]W*>(62 - 65;*)

n

et NLi(w)

= 0,(1). (B.26)

Thus, by (B.22) and (B.26), S, (w) — C,(w) satisfies the condition (A.6) of Lemma 8, which
implies that W, satisfies (4.8). Therefore, without knowing the integration order, the Shi-

bata model averaging estimator is asymptotically optimal in the sense of achieving (4.7) and
(4.8).

Part II: Akaike model averaging criterion

Similar to the Shibata model averaging estimator, we will show that the Akaike model aver-
aging weights W,y satisfy (4.7) and (4.8). First, Wy, satisfy (4.7) by the same arguments
as the proofs of the first part of Theorem 2 and Lemma 7 (iii). To show that w%,,, satisfy
(4.8), we will check whether the condition (A.6) in Lemma 8 holds. Let g(x) = N exp(x).
The difference between the Mallows model averaging criterion and the transformation of the

Akaike model averaging criterion is

36



= (W' [Min (K) + Minax (K) W) (67 = 62) — N6
/[Hmin(Kn> + Hmax<Kn)]W _
N

+ N&? (1 + =
Then, it follows that

|Gn(W) — Gn(w;,)]

n

<|(W [Moin (K ) + Mg (K) W) (62 — 67,)| + |(W:,/ [Monin (K) + Mg (K) W) (6% — 67,1

w*

N 'N&i(l n W/[Hmm(Kn)]—l\}Hmax(Kn)]W B eXp(W’[Hmin(Kn)]—l\—[Hmax(Kn)]w))‘
X 'N&i*(l i w, [Hmin(Kn) ;HmaX(KnﬂW: _ exp<WZ [Hmin(Kn) ;HmaX(Kn)]Wz))‘
=VVin(W) + VVa, (W) + V Vs, (W) + Vi, (W)). (B.27)

By (B.21), (B.22), and (B.26), we have

‘ =0,(1) and sup

weHd

wend | NLi (W)
For sufficiently large n, it follows that

|V Van(W) + VVin(w7)

"Min (K) + Hmax(Kn)]W)2
N

W [in (K) + HmaX(Kn)]W>2
N

W;[Hmin(Kn) + Hmax(Kn)]W:,)Q
N
W [[nin (K ) + M (K )| W

g‘N&%’U(W

+ ‘N&f‘u*(

<|wz - o2

+ ‘NJQ(

where the first inequality holds by |1 + 2 — exp(z)| < |z]? if |z] < 1.

Therefore, by (B.29) and similar arguments on Vs, (w, w}), we have

. [V Vi) + Vi ()

wertd NLI(w) <O(sup [Uin(w)| + sup [Usy(w)] + =2 ——r—=), (B.30)

weHd weHd N NLi(wy)

where Uy, (w) and Us,(w) are defined after (B.23).
Thus, by (B.24)-(B.25), (B.27)-(B.30), and Assumption 4, it follows that

Gn(W) — Gn(w3))

n

NL%(W) = Op(l>a

sup
weHd

d
AMA

which implies that w',,, satisfy (4.8) by Lemma 8. This completes the proof. O
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The supplementary material includes two parts. S.1 contains the proofs of supplementary
lemmas, and S.2 provides additional simulation results.

S.1 Proofs of Supplementary Lemmas

Proof of Lemma 1. Observe that

Ky,
E(Y wileniix—ensn)” = Y wiwlla — a(max{i, j})|?
k=1

0<4,j<Kn

Kn Ky
=Y wiE(eniih — en1)’ — > willa — a(max(k))|
k=0 k=0

+ X wnn] El(ereas = ensn)ensss = ensn)] ~ o - amax{i 2}
— (1) + (ID).

Note that (1) is o(n™') by Lemma B.5 of Ing et al. (2010).
We next show that (IT) is o(n™!). Denote a; — a;(k) by 7;(k). Since

€Entlk — Entl = Z Yi(k)znt1—; = Z Vi (k) (Znt1—i — Znt1—ieo) + Z Vi (k) 2n11—i 00,
i=1 i=1

i=1
then it follows that
(LD < [(LID)]+[(IV)|+ (V)| + [(VI)],

where

n

(1) =) ww B[(Y5i(k)20t1-i00) Q%D znt1-i00)] = la — a(max{k, 1})|I2},

kil i=1 i=1

1



V) = Z wkle{ [Z Yi(k) (Zna1—i — Zn+1—i,oo)] [Z Y1) (Zng1-i — Zn—i-l—i,oo)} }v

kAl
V) = Z wkle{ [Z %(kxzn-i-l—i — Zn41—i, oo Z '72 Zn+1 —i,00 }7
kAl i=1
VI) = Z wszE{ [Zﬁ)/i(k)(szrlfi,oo)} [Z%(l)(zrwrlfi - Zn+1fi,oo)} }
k£l i=1 i=1

By Cauchy-Schwarz inequality and Eq. (B.17) of Ing et al. (2010), we have |(IV)| = o(n™1).
Next, since z,41—i00 — Znt1-i = Zj’;nﬂ bj€nt1—i—j, it follows that

> wkle{ [ Z Yi(k) (Zng1-i00)] [ Z Vi) (Znt1-i = Znt1-ico)] }

k#l
= Z wkle{ [Z Yi(k) (Zn+1-i — Zn+1—z',oo)} [Z V(D) (znt1-i — Zn+1—i,oo)} }
k#l i=1 i=1

Thus, by the fact that [(IV)| = o(n™!), we have |(V)| = o(n™!) and [(VI)] = o(n™!).
We now show [(I1I)] = o(n™'). By Eq. (3.2) of Ing and Wei (2003), we have

E[(Z %(k)znﬂfim)(z Vi) zns1-i00)] = lla — a(max{k, 1})].

i=1

Then, it follows that

(1) =) wawn{ B[ Z% Vznt1-i.00) (D Yill)Zns1-i00)] = lla — a(max{k, 1})[|2}|

k£l i=1

— | Z wkwl{E Z % Zn-s-l—i,oo)(z '7i(l)zn+1—i700)} }

k#l i=1

— E (Z ")/i(k)szrlfi,oo)(Z Vi(l)2n+1fi,oo):| }’

i=1

< |Zwkwl{E Z Zn-i—l —14,00 2’71 Antl— zoo)}}|
k#l i=n+1 =1

+ |Zwkwl{E Z’% ZnJrl 'Loo Z 7z ZnJrl 1,00 }l
k#£l i=n+1

+ | Z wkzwl{E Z Zn—i—l 7 oo)( Z /yi(l)zn—f—l—i,oo)] }l
k#l i=n+1 i=n+1

= (VII)+ (VIII)+ (IX).



By (2.2) and 377, |ja;| < oo, we have

E[( Z %(/f)zmki,oo)( Z ’Yi(l)zn+1fi,oo)} = Xo Z a? + Z ;@5 X |i—j| = o(n_2),
i=n+1 i=n+1 j=n+1 n+1<4,j, 177

where xi_; = E(2;002j.00). Thus, we have (IX) = o(n™?).
For (VIII), we choose 0 < p < 1 such that pn > K,,. Then, it follows that

(VIII) =y (k) Z Yi(k)Xi—1 + 72(k) Z Vi(k)Xi-2 + -+ 4+ (k) Z Yi(k)Xi-n
1=n+1 i=n+1 i=n+1
=N (k> Z %(l{)Xi—l +o ’an(k) Z %(k)Xi—pn
i=n-+1 i=n+1
+7pn+1(k) Z Vi(k)Xi—(pn—‘rl) +7n Z 71 Xz n-
i=n+1 i=n+1
By (2.2), we have
Yot 1 (k) Y (k) Xi— (o) + -+ + (R Z Yi(k)Xi—n
i=n+1 i=n+1
<O kDY k) = o(n™?), (5.1)
i=n+1 i=pn+1

Xn4+1—(pn) = X(1- p)n+1 = E(zt coft—(1—p)n—1 oo)

Zb €t—j Zbet pn-1-)] < C Z bl = o(n™"),

j=(1-p)n+1
and
(k) D wak)xica + e+ Yon(R) Y 7i(k)Xipm
i=n+1 i=n+1
<Cln)( Y la)( Y. )=o) (S.2)
i=ntl =(lp)nt]

By (S.1) and (S.2), we have (VIII) = o(n™'). By similar arguments, we have (VII) =
o(n™1). Since (I) — (IX) are o(n™!), the statement of Lemma 1 holds. This completes the
proof. n

Proof of Lemma 2. For (i), it suffices to show that

vy I Z wi(fon(k —d) — f3,(k—d))]| =0. (S.3)

k=max{1,d}

lim sup E
n—o0 wef[)rdl \/W/Hmin(Kn)W —d

3



Observe that

ol = d) = fia(k = )] < A (k — d) + Aol ),
where
! * -1 1 =
Atk = ) = { = ) 30— d)r - )= 2 - Depea 110> ),

Ay(k —d) = {z;;/(k —dI Y (k—d

n—1
1
_— zi(k — d)e; 1(k > d).
i L kD itk
j=n—/n
For any p > 2, by Holder inequality, we have

E(|Ai(k = d)I") < E(llas(k — d)[I*")°E(l|az(k — d)|I*")E([las(k — d)|[*%)"/?,

where
ar(k —d) = (20 — 25, .o, Znkrds1 — Z;—k+d+1)/ = ( Z bj€n—j, .., Z bj5n7k+d+1fj)/a
j:\/ﬁ_Kn‘i‘l j:\/ﬁ_Kn"Fl
n—1
ap(k —d) =T7'(k —d), and as(k —d) = [N(k—d)]7/* > z;(k — d)ejp1.

By Lemma B.3 of Ing et al. (2010), (2.3), and Assumption 3, for all d < k < K,,, we have

o

E(lay(k —d)|7) < Cl(k—a) Y 8™
j=vn—Knp+1
E([las(k — d)|*) < C, and E(|las(k — d)|*) < C.

Then, it follows that

Bla(k- ) <Cl—d S &P <ok-d S By (4
=y Knt1 j=v/n—Kn+1

Similarly,
E(|Az(k — d)P) < E(|ba(k — d)|**)PE(llaz(k — d)[*) PE(|[b2(k — d)|*)"7,

where by(k — d) = 75 (k — d) and by(k — d) = [N(k — d)] "2 ") _z,(k — d)ej. By
Lemma B.3 of Ing et al. (2010), we have

E(los(k = d)[*) < C(k — )2, E(las(k — d)||) < C(VN)™">.



Then, it follows that

k—d
VN

K,—d
VN

E(|As(k — d)IP) < C(—=)* < C( )P, (S5)

Therefore, by (S.4) and (S.5), we have

EI(ﬁ[fz,m—f;n(i)])<\/§[f2,n<j>—f;,n<j>1>\péc{[m—d) >yt tpel,

j=vn—Knp+1
(S.6)
and for any w € H4,
Zmax(l,d)gi,ngn wiwiVi—dyj—d _ Zmax(l,d)gi,ngn w;w;Vi—dyj—d < JE —d
Wi (K,)W — d D max(Ld)<ij<K, Wiw; min{i, j} —d A
(S.7)
Thus, by (S.6) and (S.7), it follows that
\/N K 2
2 Y wilonlk— @) (k- )]
\/W/Hmin(Kn)W —d k:mg{l,d}
< o Zmttasiasi, VONTZ V] d{[(K d) i B2+ (s d)}
= ] — n - J
Wy (KW — d P VN
= 0 K, —d
<OVE =K —d) 3 B+ (D)
j=vn—Kp+1
<C > |]bj|2+\/W. (S.8)
j=vn—Kp+1
Therefore, (S.3) holds by (S.8), (2.3), and Assumption 4.
For (ii), it suffices to show that
\/N Kn 2
lim sup E wr(fy,(k—d)— f5 k—d =0. (59
iy sup | 2 nlfialh =) = sl ]| =0 59
where
’ n—y/n—1
zi(k—d) 1 N }
sk —d)— f3,(k—d) = —=—I"(k—d)—= Zioo(k —d)ejr1 pL(k > d
b= )= Bl = ) = B Ie S D nll = i 1062
and

o o
~ ~ ~ !/ / !/
Zt,oo(v) = (Zt,o<>7 ~~azt—v+1,oo) = (Zt,oo_zta ---7Zt—v+1,oo—Zt—v+1) = ( E bjEt—j7 ey E bjet—v-l—l—j) .
j=t Jj=t—v+1
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By Hélder inequality, Lemma B.3 of Ing et al. (2010), and Lemma 2 of Wei (1987), we have

BVE Y. wilfiak—d) — fipk— )’

k=max{1,d}
Kn
< S wEVNL = d) = f k- )]
k=max{1,d}
Ky n—y/n—1
< Y wiEllz, (k‘—d)llgp)l/?’(EllF_l(/f—d)ll?’p)l/g(Ell\/— Y Zjeolk — d)es] )
k=max{1,d} Jj=Kn
’I’L—\/’E—l n— f 1 o0
< p/21.p/2( N1 > p/2 PN~ 2 p/2
<C | _max KRN > B(Ze))? < CKINTY YN )
t=K, t=K, 1=t
<O ik (S.10)
=Ky,
Therefore, (S.9) holds by (S.10) and (2.3). This completes the proof. O

Proof of Lemma 3. The result (i) is a special case of the result (ii) and we omit the proof
for brevity. Without loss of generality, we assume that k& < [. Define

La(0) = B(2i00(k)2, oo (1)) = (D(K), T(k, 1 — k),

D0 (0) = Bl 17 () = ( e ) ,
)

[7:(0) = E(Zf(l)zf(k:)) — <

where I'*(k) = E(z}(k)z; (k)) is a k x k matrix, T';;(0) is a k x [ matrix, and I';;(0) and
[74(0) are I x k matrices. Observe that

BN 5 (F) Fnool()) = (T 00 ()00 (1)) 2

Then, by the Woodbury matrix identity and partitioned matrix inversion formula, we have

—+
=
—~
=
~%
ko
e
=)
N~—
)1
L
e
y
N~——
’1
&
=)
’1
._\
—
o~
N~—
S~——

2(0)1”
= tr([[74(0) = Tue(0)] T~ (k) Ty ()T (1)) + tr(Tye(0)T ™ (B) Dyt (0)T (D))
#OTH (R (0)T (D)) + min(k, 1)
(k) = T'(k)) + min(k, 1)

<C ) b+ min(k,D)

j=vn—Kp+1



Then, it follows that

> e Kt 1051 . \/ﬁKn)
vn— K, n—K,

Therefore, (A.2) holds by (S.11), (2.3), and Assumption 4. This completes the proof. O

[E(N £3 3,00 (k) f3.00 (1)) — min(k, )o?| < C( (S.11)

Proof of Lemma 4. Define

* _ zf;(k‘—d) -1 1 S, . .
=0 = {BEUSI 00 S =t f100> )

N NS
= ( Z bjen—ja-'-a Z b j€n—k+1 ]) k> 17
=0

Vn/2 V)2
Sp(k —d) = Z( —a;i(k — d))z, n+1 i) ::i-l—i = Z bj€ny1—i—j-
i=1 j=0
Note that for all 1 < w,v < K,, — d, zX(u) is independent from (S,(v) — S’(v)) and

Z;:}élﬁ_l z;(v)€jy1. Also, Zn_\f ' 2;(u)ej4q is independent from (S%(v), 2%(v)). Therefore,

] :
we have

Ky Ky
Bl Y wfiu(bk—d)( D wilSulk —d) = S;(k - d)))] =
k=max{1,d} k=max{1,d}
and
Ky Knp
BIO D wefiu(h=d)( D> wSi(k—d)] =0.
k=max{1,d} k=max{1,d}

Then, it follows that

B S wehnlb—d)( Y wiSulk — )]
k=max{1,d} k=max{1,d}
= E[( Z wi[fon(k — d) — f3.,(k — d)])( Z wiSn(k — d))]
k=max{1,d} k=max{1,d}
TR S wfsab- )Y wnlSu(k—d) - S50k — )]
k=max{1,d} k=max{1,d}
FE( S - d)( Y wSiE - )]
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Kn Ky

=E[( Y wilfenlk—d) = (k=) D wiSa(k —d))].

k=max{1,d} k=max{1,d}

Therefore, we have

E [(Zli(:nmax{l,d} wkfgm(k’ - d))(zzilmax{ld} wkSn(k - d))]

weHd Li(w)
< E [(ZkK:nmax{l,d} wk[fQ,TI(k - d) - f;,n(k - d)])(lec(:nmax{l,d} wkS’”«(k - d))j|
wes Li(w)
n % 2 n 2
E1/2 |: Z?:max{l,d} wk(fZ,n(k - d) - f2,n(k - d))] E1/2[ f:max{l,d} U)kSn(k' - d)]
< sup X sup

VL (w) weHd Li(w)
<c{ ) !ij|2+\/7}1/2, (5.12)
j=vn/2—Kn+1

where the last inequality is insured by Lemma 1 and with the same argument as Lemma 2
(i). Therefore, (A.3) holds by (S.12), (2.3), and Assumption 4. This completes the proof. [

Proof of Lemma 5. Let

n n n 2
(I) = sup E[Zf:max{l,d} wkfl»n(d> + Zszmax{l,d} 'lkagm(k o d) + Zf:max{l,d} 'U)kSn(k - d)]

weHd L;jL (W)

—1].

Then, it follows that

(1) < (ID) + (L) + (IV) + (V) + (VI) + (VD) (S.13)
where
B(fy,(d))? — 4t
(1) = sup [P = |
weHE Ln(w)
([]I) = sup E(Zf:nmax{l,d} wkf2,n<k - d))2 — 0'2 ZmaX{Ld}Si,]’SKn wle(mm{z,j} — d)
weHI LZ(W) ,
(V) = su E(ZkK:nmaX{l,d} wpSp(k —d))?* — > max{Ldy<ij<k, Wiwjl|a — a(max{i, j} — )12
e Li(w) 7
(V) = su 2E [‘flm(d) Zlf:{:nmax{l,d} wk.f2,n(k7 - d)}
WG”EL)% LZ(W) ’
VD) = su 2B f1(d) Yo p a1,y WS (k — )]
WG?E)% Lg(W) ’




B[S Wi fon(k —d) 3K wiS, (k — d
(VI[): sup [Zkfmax{l,d} k:fQ( ) kmax{1,d} Wk ( )} |

we Lii(w)

By Lemma 2 of Ing et al. (2010), we have lim, ,.(//) = 0. By Lemmas 2 and 3, we
have lim,,_,(/1I) = 0. By Lemma 1, we have lim, ,,,(/V) = 0. By Lemma 4, we have
lim,, o (VII) = 0. Following a similar argument to the proofs of (B.40) and (B.41) in Ing
et al. (2010) and Holder’s inequality, we have

Frn(d) Yoy WrF2n(k = d) = f1,(d) X0 ey Wi (B = d)
Ld(w)

lim sup E

n—o0 WE’H%

-

and

Fra(d) i ety WrSn(k = d) = £ ,(d) S5 ey WrSi(k — d)
Li(w)

lim sup E

N0 wend
Then, by the facts that for all d < k < K., E(f],,(d) f5,,(k—d)) = E(f],,(d)S};(k—d)) = 0, we
have lim,, (V') = 0 and lim,,_,,(V 1) = 0. Therefore, (A.4) holds by (S.13) and the fact that
limy, oo (L1) + (I11) 4+ (IV) + (V) 4+ (VI)+ (VII)) = 0. This completes the proof. O

o

Proof of Lemma 6. For any w € H¢, B, (k—d) := By, (k,d)+ By, (k—d), where By, (k,d)
and By, (k — d) are defined after (A.1). Observe that

Bl S wnlfu(k) + 8.0k — )]’
k=max{1,d}
= B[ Z wi(fa(k) = Bu(k — d))]” + B[ Z wi(By(k — d) + S, (k — d))]”
k=max{1,d} k=max{1,d}
VEL Y wlfuld) - Bk —d)][ Y wBulk—d)+ S,(k )]
k=max{1,d} k=max{1,d}
= (I)+ (II) + (II). (S.14)

By Lemmas B1, B3, B4, B6, Holder’s inequality, Theorem 1 (ii), (A.26), and (A.28) of Ing
et al. (2010), we have

(I) < f:nmax{l,d} wkE[fn(k) - Bn(k - d)}Q < CZ£<:nmax{1,d} wkkg < C ﬁ
Li(w) — Li(w) - N2Lg(w) - NLj(w) N
(S.15)

For (1I), we have

UD=E[ Y wlBalk—d)+ Sulk— )]’

k=max{1,d}



Ky

Bl Y wi(Bulk—d) - Fu(k - d))]”

k=max{1,d}

+E[ Zn: wy (B (k) — Fo(k — d))] | Zn: wy(Fo(k — d) + S, (k — d))]
k=max{1,d} k=max{1,d}

FE[S wnFalh,d) + Salk — )]
k=max{1,d}

={V)+ (V) + (V). (S.16)
Since
(IV) < Z wiE[fi.n(d) — Bin(k, d)]2 + Z wiE[fon(k — d) — Boy(k, d)]z,
k=max{1,d}

k=max{1,d}
by (B.43)-(B.45) of Ing et al. (2010), we have

(1V) C
< : S.17
Li(w) = NLi(w) (517
Also, by the Cauchy-Schwarz inequality, with sufficiently large N, and Lemma 5, we have

vy . ¢C
Li(w) = (NI(w)

(S.18)
Next, by the Cauchy-Schwarz inequality, the above decomposition of (IT), and similar argu-
ments for (V'), we have

(I11) C K3\
Lz<w>§<NLz<w>W> |

(S.19)
Then, it follows that
E(fu(k,d),Sp(k —d),w) — E(F,(k,d), Sp(k — d),w)
sup y
weHI Ln(w)
E(fu(k,d),Sp(k —d),w) — (VI) '
sup y
weHI Ln(w)
I 11 1171 v Vv
< sup [DHUD UL + (V) + )" (S.20)
weHI Ln(w)
Therefore, (A.5) holds by (S.14)-(S.20). This completes the proof. O
Proof of Lemma 7. To simplify the notation, we define
A= Z w;w; min(i, j), Ag:= Z ww;d, B = Z w;w; min(4, j),
1<i,j<d—1 1<i,j<d—1

d<i,j<Kn

10



C = Z w;w; max(i, j), Z w;w; max(i, j), Z wyw;6% (max (i, §)),

1<i,j<d—1 d<i,j<Kp 1<4,5<d—1
— ~2 L ~92 .o
E;:= E ww;6°(d), F = E w;w;6°(max(i, 7)),
1<i,j<d—1 d<i,j<Kn

where 6%(k) = N™! Z:;l(n(ytﬂ — G (k))? = N7 Z?:i;{n(yt-&-l + ¥ (k)%

For (i), by Lemma 4.1 and Eq. (4.6) of Ing et al. (2012), for any k — oo, 6%(k) is a
consistent estimator of o2. Without loss of generality, let 6 = 6%(K,,). When Wyima i > 0,
it means that there exists some w = (wy, ..., W, ..., Wk, ) € H, such that Wy, = W, wy >
0, for any 1 < k < d. Then, it follows that

Pr(l@MMA’k > 0, 1 S k < d)
= Pr(w, > 0,1 <k <d)

=Pr(N(E+F)+(A+B+C+D)5> < N(E;+F)+ (Aa+ B+ Ay + D)5*)
=Pr(N[E - Eg) < [(Aa — A) + (Ag — C)]57%)

< Pr(N[E — E4) < 24;6%)

< Pr(N[1 z<:d ww;(6°(d — 1) — 62(d))] < 21 z;d 1wled02)

< Pr N[&Z(Jd— 1) — 6%(d)] < 2d5* J

< Pr(N[6*(d—1) — 6*(d)] < 2d(c*(K,) +¢€)) +Pr(|6° — 0*(K,)| > €), (S.21)

where the second and third inequahties hold by the fact that 6%(k) < 62(I) for all | < k,

S wg = 1, and > 1<ijedt Wiw;o*(d — 1) < E. Therefore, Lemma 7 (i) holds by (4.30)
and Theorem 4.5 of Ing et al. (2012), and (S.21).

For (ii), when gy, > 0, it means that there exists some w = (wy, ..., wy, ..., wg, ) € Hy,
such that wey, = w, wg > 0, for any 1 < k < d. Then, it follows that
Pr(wsyar > 0,1 <k < d)
= Pr(wy, > 0,1 < k < d)
=Pr([N+A+B+C+D]x[E+F|< [N+ As+ B+ Ay+ D] x [E;+ F])
(Ag—A)+ (A — O)][Es+ F|+ [A+ B+ C+ D]|[E; — E])

<| A
<[(Aq—A) + (As — C)|[Eq + F])

< Pr(N[6*(d—1) — 6*(d)] < 2d6*(d)), (S.22)



where the first to third inequalities hold by the fact that 6%(k) < 62(I) for all I < k,
S wg = 1, and > 1<ijed 1 Wiw;o?(d — 1) < E. Therefore, Lemma 7 (ii) holds by (4.30)
and Theorem 4.5 of Ing et al. (2012), and (S.22).

For (iii), when waya x> 0, it means that there exists some w = (wy, ..., wg, ..., wg, ) € Hy,
such that waya = w, w, > 0, for any 1 < k < d. Then, it follows that

PI‘(UA)AMA’]C > 0, 1 S k < d)
= Pr(wy > 0,1 <k < d)

(A+B+C+ D)
N

(Ad+B+Ad+D)

= Pr( log(E + F) + ~ )

< log(Es+ F) +

< [(Ad—A)—i-(Ad—C)])
N

(
(N =2d)] > wuw;(6°(d—1)—6°(d))] < 2d5*(d))

1<4,5<d—1

< Pr((N —2d)[6*(d—1) — 6*(d)] < C&*(d)), (S.23)

where the second inequality holds by the fact that exp(z) — 1 < %= if 0 < 2 < 1, and the
last two inequalities hold by the fact that 6%(k) < 6*(1) for all I < k, 37y, icqy wiw; > 0,
Eq+ F < 6%(d), and 33, oy wiw;o*(d — 1) < E. Therefore, Lemma 7 (iii) holds by
(4.30) and Theorem 4.5 of Ing et al. (2012), and (S.23). This completes the proof. O

Proof of Lemma 8. Note that \?V%n = arg Minycyd Sa(w), Li(w?) = infyeqa LE(W), and
g(+) is an increasing function. Then, it follows that

0> g(Su(W§)) = g(Su(W)) = Cu(W§, ) — Gu(W5, ) — (Cu(W) — Gu(W}))

n n n n

— NLYWE ) = NLE(w?) = V(Wi w?) — (G, (de)— (W),
wg ) —

n n

)
(Ga(W§,) = Gu(w,)) + V(W5 | )> NL(

1) — NLy(w;) >0,
and
— Go(w o Va(we W Li(w
p |G =Gl | Valwow)) VWS W) )
weHd NLn(W) weHd NLn(W) NL%(Wgn) LZ(W n)

12



Therefore, by (A.6) and (B.6), we have lim,,_, LZ(W:)/LZ(VAVdgn) 5 1. This completes the
proof. O]

S.2 Additional Simulation Results

Figures S.1-4 present the relative MSPEs of the various estimates for d = 0 and d = 2 in
both algebraic-decay and exponential-decay cases. The results show that the MMA, AMA,
and SMA have similar MSPEs and perform quite well in both cases. Overall, the ranking
of different estimators in d = 0 and d = 2 is quite similar to that in d = 1. Figures S.5-8
examine the effect of the sample size on the MSPE in both algebraic-decay and exponential-
decay cases. Like the results in d = 1, the AMA, MMA, and SMA have much lower MSPEs
than those of the AIC, Cp, and SIC in the algebraic-decay case, but the MSPEs of AIC, Cp,
and SIC are approaching those of AMA, MMA, and SMA in the exponential-decay case.
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Figure S.1: Relative MSPEs for d = 0 in the algebraic-decay case
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Figure S.2: Relative MSPEs for d = 0 in the exponential-decay case
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Figure S.3: Relative MSPEs for d = 2 in the algebraic-decay case
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Figure S.4: Relative MSPEs for d = 2 in the exponential-decay case
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Figure S.5: Relative MSPEs for the algebraic-decay case, d = 0, various sample sizes
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Figure S.6: Relative MSPEs for the exponential-decay case, d = 0, various sample sizes
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Figure S.7: Relative MSPEs for the algebraic-decay case, d = 2, various sample sizes
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Figure S.8: Relative MSPEs for the exponential-decay case, d = 2, various sample sizes
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